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Chapter 1

Stochastic Processes

1.1 Filtrations and Stopping Times

Definition 1.1.1: Stochastic Process

A stochastic process is a parameterised collection of random variables { X;}+c7 defined on probability
space (9, F,IP). T is the time set, and can either be:

e discrete, if 7 ={0,1,2,...}

e continuous, if 7 =[0,T] or T = [0,0)

There are two ways of viewing a stochastic process:
e as a random variable; for w € Q, w — X;(w)

e as a sample path/realisation; for t € T, t — X (¢)

1.1.1 Filtrations
The next concept is filtrations, which model flows of information:
Definition 1.1.2: Filtration
A filtration on a probability space (Q, F,P) is a collection of o-algebras (F;)ic7 s.t. forall t € T
(a) R CF
(b) Fs C F; when s < ¢; i.e. no information is lost over time.
A probability space (2, F,P) endowed with a filtration (F;) is denoted by (€2, F, (F:),P), and called a

filtered probability space.
In the rest of this course we assume that filtrations satisfy so called usual conditions.
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Property 1.1.3: Usual conditions
We consider two usual conditions:
(a) right continuity: for all t € T,
Ft = Ft.}r = ﬂ ]:s

s>t

(b) completeness: for all t € T,
N C Fo C F

where N is the P-null set defined as:

N:={AcCQ:3IB€ Fst. AC Band P(B) =0}

Definition 1.1.4: Natural filtration

For a general stochastic process X, the natural filtration, (F;*) is defined as

FXi=c({X,:5<t,teT})

Note natural filtrations often fail the usual conditions, so we need to augment them in practice.
Definition 1.1.5: Adapted process

A stochastic process X; is adapted to the filtration (F;), if for any ¢t € T, the random variable X; is
JF: measurable.

Property 1.1.6

If X is (F:)-adapted, f is continuous, then f(X;) is (F;)-adapted.

Proof

Continuous (deterministic) functions preserve measurability.

1.1.2 Stopping times

Definition 1.1.7: Random time

A random time, T is any random variable with values in 7 U {co}. We use random times to denote
the time at which a given random event occurs. {T = co} represents the event that the random event

never occurs.

Definition 1.1.8: Stopping time

Given a filtration (F;), we say that a map 7 : 2 — T is an (F;)-stopping time if for all t € T
7 H[0,t]) ={w e Q:T(w) <t} € F

that is, the random time for an event occurring, 7 € [0,t] before time ¢ must solely depend on the

information known before ¢, but not after.
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For a given stopping time < ¢, the information in (F;) is enough to know whether the event has occurred
or not.

Note that the filtration is essential for the defintion of stopping times. A random time can be a stopping
time w.r.t. to (F;) but not some other filtration (G;).

Example.

Suppose that 71 and 75 are two (F;) stopping times. Then the random time 7 defined by
7 :=min{r, 72}

is a (F;) stopping time.
Proof. We have:

{r>t}={r>t}n{m >t}
therefore:

{r <t} ={r>t}°
={n <t}u{n<tle R

where the last inclusion follows as 7, and 75 are both stopping times and in F;, and F; is closed under
countable unions. O

Example.

Let X; be a continuous-time stochastic process which is (F;)-adapted, and assume that
Yw € Q, t - X;(w) is right-continuous
i.e. every sample path of X is right-continuous. Let a € R and set
T:=inf{t >0: X; > a}

We claim 7 is a stopping time.

Proof. Since X; is (F;)-adapted, then for all t € R
X, Y[a,00) :i={w € Q: X(w) >a} € F
Also, by assumption the sample-paths of X; is right continuous, therefore for every w € Q

sup Xs(w) = sup  Xs(w)
s€[0,t) s€[0,)NQ

by Lemma Now consider:

{lwe:rtw)<t}={weQ: sup X;(w)>a}
s€[0,t)

={weQ: sup X (w)>a}
s€[0,t)NQ
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= U {weQ: Xi(w) >a} € K

s€[0,)NQ
N—_——

countable intersec.

since {w € Q: X,(w) > a} € Fs C Fy, for all s € [0,t). Furthermore,

by above
—~~
{wEQ:T(w)St}:ﬂ{weQ:T(w)<s} c ﬂ]-"s:]-"t
s>t s>t
where the final equality is by usual condition (a). Therefore 7 is a stopping time. O

Definition 1.1.9: Stopping time filtration

Let 7 be an (F;)-stopping time. Then we define the stopping time o-algebra F, by:
Fr={AeF:An{r <t} € F,Vt >0}

Note F. can be interpreted as all information we have at time 7.

Example.

Suppose the filtration (F;) satisfies the usual conditions. Let 73 and 75 be two (F;)-stopping times
satisfying 71 < 79. Then:
Frn ©Fn,

Proof. Let A € F,,. We want to show this implies A € F,,. By definition of A, then
A n {Tl S t} S .Ft

As 75 is a stopping time, by definition
{7’2 < t} e F;

As F; is a o-algebra, the intersection of the two above is also in F;
Aﬂ{Tl St}ﬂ{Tg St} e F;

But since 71 < 79, 7o <t = 71 <t but not the reverse, thus {m < ¢} C {71 < t}. The above equation is
just:
AN {T2 < t} c F;

which means A € F., by definition of a stopping time filtration. O

Example.

Let {7,}52, be a sequence of (F;)-stopping times decreasing to a random time 7, i.e. 7, L 7. Then
(a) 7 is an (F:)-stopping time
(b) 'FT = ﬂ’rolozl f'f—n
Proof.

(a) Note that {7,, <t} is an increasing sequence of sets by the previous example as 7,, is decreasing, more
and more w's satisfy 73, (w) < t. Since 7, is a stopping time, it holds that for any n € N, {r,, <t} € F;.
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Therefore the countable intersection is is also in F;, that is:

{Tgt}zfj{rngt}eft

n=1
thus 7 is an (F:)-stopping time.

(b) We first show (o, Fr, C Fi. Let A € (), Fr,, we want to show this implies A € F,. Note the

assumption by definition of a stopping time o-algebra means for all n
AN {Tn < t} e Fi

Therefore we can say that:

An{r<t}=An (O{Tn<t}>

n=1

=JAn{m<tter

n=1

which implies A € F,.

Next we show the converse, that F, C ﬂff:l Fr,,. By the previous example, we have that

T§7n+1§7_n = -F‘rgffn_H

CF,.

Therefore, F, C ﬂff:l F, and combined with the last paragraph, this means:

Fr = ﬁ Fr,
n=1

1.2 Martingales

Definition 1.2.1: Martingale

A process X on (2, F,P) is called a martingale w.r.t. ((F:),P) if
(a) X is adapted
(b) E[|X]] < oo (integrable)

(c) forall s >t, E [X|F] = X, (martingale property)

Thus, the best predictor for the future value of a martingale is its current value. In discrete time, we can
substitute (c) with: for all t =0,1,2,...

E [Xt+1‘]:t} - Xt
Proof. This follows from applying the Law of lterated Expectation (and induction):

E [Xi1]|Ft] = E [E [Xpsn| Frpr-1] |Fe] = E [ Xy F] = - = Xo
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Lemma 1.2.2: Martingale construction

Consider (2, F,P), with the filtration (F;), and a random variable X with E [|X|] < co. Define the
stochastic process M; as the best prediction of X:

My :=E [X¢|F]
Then M; is a martingale.
Proof for Lemma
We check the conditions:
(a) M is adapted from the definition of conditional expectation.
(b) By conditional Jensen's inequality,

E M) = E[[E [X|A]]] <E[E[|X]|F]] = E[X]] < oo

(c) Forall s >t
E [M,|Fi] = E[E [X|F] | F] = E[X|F] = M,

Definition 1.2.3: Sub and Supermartingales
Instead of (c), if for all s > t,
o B [X,|F:] > X;, then X is a submartingale

o E[X,|F:] < X;, then X is a supermartingale

Lemma 1.2.4
If a supermartingale on [0, T'] satisfies E [X7] = Xj, then it is a martingale on [0, T7.

Proof for Lemma

Let X; be a supermartingale. Let t € [0,7] s.t. T >t > 0. By the supermartingale property, X, >
E [X:|Fo], thus taking expectations yields:

E [Xo] > E [E [X¢|Fo]] = E [X{]
Applying the supermartingale property once more, as T > t,
E[X:] > E [E [X7r|F]] = E [X7]

Combining the two yields:
E [Xo] 2 E [X¢] > E [X7]

But since by assumption X; satisfies E [X7] = X, the above equation holds with equality. Therefore for
any t € [0, 7], E [X,] = Xo.
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Now consider the random variable defined by:
Y:=X,—E[Xp|F]>0as.
Taking expectations of both sides, we have shown above the RHS is zero:
E[Y]=E[X;]—-E[Xr]=0

Therefore, Y =0 a.s. and
E [Xr|F] = Xi

Since we assume E [X7] = X < oo, then by the|martingale construction Lemma| X is a martingale.

Definition 1.2.5: Local Martingales

A process X; on (2, F,P) with the filtration (F;) is a local martingale on [0,T] if there exists a
sequence of stopping times (7,)22; s.t.

(a) 7 1T P-as.
(b) X, At isa martingale for any n

where 7, At := min{7,,t}.

Lemma 1.2.6

A RCLL local martingale bounded from below is a supermartingale.

Proof for Lemma

(Solution in Chapter 3). By the definition of a local martingale, there exists a sequence of stopping times
T T T s.t.

M} = Xipnr, =20
is a martingale for any n. For s < t, the martingale property is

E [M|F,] = M?
Next we apply Fatou's Lemma as M* > 0 for all t € [0, T]

E [lim inf Mt”|fs} < liminf E [M;'| ]

n— oo

Note that as n — oo, M{* = X; which means the LHS converges to E [X;|F;]. By the same logic, the
RHS is equal to X as shown below on the right

E [X¢|Fs] < liminf E [M]*|Fs]
n—oo
= liminf M7
n—oo

:XS

Therefore X, is a supermartingale.
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~

heorem 1.2.7: Doob’s optimal sampling theorem

Suppose M is a (RCLL) martingale w.r.t. (F;). Let v < 7 be t

\then
\\ M, :=E

bounded stopping times for (F%),

Proof. Let M be a RCLL martingale and 7,, T T' be a sequence of stopping times. For t > s, and A € F;

we claim X" := M;a-, is a martingale. Indeed,

E [X]'1{4] Minr, 11a3]

=F [
=E [Minr, 1ir,<s31iar + Minr, 1in <3 1iay]
=E M, 17, <] + E [Minr, 1ir, 5011y
= E [M:, 10, < La)] +E [ [Minn, 151000y Fonn |
=E]

M 1(r,<qlqay] +E [E [Minr,

]:sAT,L} 1{Tn>sl{A}}]

Corollary 1.2.8

RCLL martingales are local martingales.

Proof for Corollary.

Application of [Doob’s optional sampling theorem}|

1.3 Markov processes

Definition 1.3.1: Markov

A process X on (9, F,F,P) is Markov if, for any time ¢ and any integrable random variable Y that

is measurable w.r.t. the o-algebra generated by {X; : s > t}, we have:
E[Y|F] =E[Y|X,]
If Y = f(X,) with s > t, then f is measurable with finite expectation.

Intuitively, at time t the value X; tells us all we need to know to compute conditional expectations. The
rest is irrelevant. Note Markov property is dependent on filtration (F;) and probability .

Theorem 1.3.2

Let X be a Markov fo .r.t. i ion and f be a Borel function. Then for a given
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1.4 Brownian motion
Definition 1.4.1: Brownian motion

A continuous time stochastic process W with values in R? is a Brownian motion if:
1. PWy=0)=1

2. forany 0 <t < s,
W, — W, ~ N (6, (s — t)Id)

3. for all times tg,...,t, with 0 < t; < --- < ¢, < 0o, the random variables

Weoy Wey = Weyyoooy, We, — W4

n—1

are independent.

Definition 1.4.2: Brownian motion w.r.t. a filtration

We say that a stochastic process W on (€2, F, (F;),P) with values in R? is a Brownian motion w.r.t.
the filtration F; if:

1. it is a Brownian motion
2. for each t > 0, W; is F;-measurable.

3. for 0 <t < s the increment W, — W, is independent of F;.

Remark.

A Brownian motion w.r.t. a smaller filtration might fail to be such with respect to a larger one (insider

trading). On the other hand, if a Brownian motion w.r.t.larger filtration is adapted to a smaller one, it
would be a Brownian motion under it.

The filtration under which the two above definitions coincide is the natural filtration:
FYV =o(W,s<t)
Note this filtration is only right continuous if we add the null set, i.e. F; :=o(F}Y UN).

Property 1.4.3: Properties of Brownian motion

Brownian motion is a Gaussian process with:
(i) EW]=0

(i) cov (W,, Wy) = min{t, s}
Proof

(i) For any t >0,
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(i) Assume t > s, then

cov (W, W) = E [W, W]
=E[(W; — W) + W)W,
=E (W, — W)W, +E [W7]
=0+s

-

Lemma 1.4.4: Browniz}nm/otion is Markov

Let W; be /4 Brownian motion w.r.t. the filtration (F;). Then W; is a Markov process.

Proof for Lem

Lemma 1.4.5: Martingale property of Brownian motion
Brownian motion is a martingale.

Proof for Lemma

1/2

By Jensen's inequality: E [[W;|] <E [W2] '~ = v/t < co. Thus for t > s,

E [Wi|Fs] = E [Wy — W, + W|F]
=W +E [W; — W,|F]
= W5 +E [W; — W]
=W,

Definition 1.4.6: H-self-similar

A process X is H-self-similar for some H > 0 if
d
(THth, 000 ,THth) == (XTtla 600 7XTtn)

for any T' > 0, and any choice of t; > 0,i=1,...,n;n > 1.

Property 1.4.7: Fractal property of Brownian motion

Brownian motion is 1/2-self-similar, that is magnifying BM will not make its paths any less jagged.

This is a great building block as it is scale independent.

13
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1.4.1 \Variation
Definition 1.4.8: Variation

The p-th variation of a continuous function f : [0,7] — R on an interval [0,T] is defined as:

n—1

ViP(f) = lm S |f(e) - £
=0

where 7" is a partition of interval [0, T, i.e.

0=ty <ti <--- <ty =T

and ||| := max; |t} —t7|.
If p=1, then VT(l) represents the length of f travelled on [0, 7.

Remark.
Observe that if ngl)(f) < 0o, then V() =0 as

n—1
v = lim Z | f(tR) — f(t?)|2
=0

By

< lim max{|f(t2,) - FED IV (F)

T w0 i

Lemma 1.4.9: Unbounded v.

Proof for Lemma /]

For a Brownian motion (W we have:
c
\
|
| E

\

n

1
3 2 || _
’Wtﬁl e T

=0

1.4.2 Arithmetic and Geometric Brownian motion
Definition 1.4.10: Arithmetic Brownian motion

A process X is called an arithmetic Brownian motion or Brownian motion with drift if
Xt:/Lt+0'Wt; tZO

where 1 € R and o > 0. This process is a generalisation of a standard Brownian motion.
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Property 1.4.11: Properties of ABM
It holds that:
L E[X] = pt
2. cov (Xs, X¢) = 02 min{t, s}
Proof
Trivial
Definition 1.4.12: Geometric Brownian motion
A process X is called an geometric Brownian motion if

X; =W >0
where ¢ € R and o > 0.
Property 1.4.13: Properties of GBM
It holds that:
() E[X,] = 6(#+%02)t

(i) var (X;) = et (e ~1)

Proof

tbc

Example.
The following GBM is a martingale:
Proof. O

Example. .

— =

//Laﬁl martingale that is'not a martingale) Let W bea Brownian motion w.r.t. a filtered space. Then

/ Ti=inf{t>0:W; > 1‘}

[

/
|

\ is a stopping time. /

\
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1.5 Exercises

Ex.1. Let W; be a standard one-dimensional Brownian motion. Given times r < s < t < wu, calculate the

expectations

(iV [(Wt — Wr)(Wt — WT) }
(V [WrWst}
Ex.2. Let W; be a standard Brownian motion. Given a constant ¢ > 0, show that the stochastic process X;
defined by:
1
Xt = %Wc,t

is a standard Brownian motion.

Ex.3. Suppose that the process W; is a standard one-dimensional (F;)-Brownian motion.
(i) Prove that the process X; defined by

X, =W2—t; fort>0

is an (F;)-martingale.

(i) Prove the process Y; defined by

1
Y, = exp (—292t — HWt) ; fort>0

is an (F;)-martingale.
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1.6 Solutions

Ex.1. For
(i) We have:
E [(W; — W) (W, — W,)] = E[E [(Wy — W,)(W, — W,.)|.F]]
=E[(Ws — W,)E [W, — W,|F]]
=E[W, - W,)E [W; — W]
=E [(W‘? - WT) ! O]
=0

E [(W, — W,)(Wy — W,)?] =E [(Wy — Wy + Wy — W, ) (W, — W,.)?]
=E [(Wy — Wo)(Ws — W,)2 + (W, — W,.)?]
=E [Wt - Ws] E [(W9 - WT’)Q:I + E [(Ws - WT‘)S]
=0

where the last line follows as the third normal moment is zero.
Ex.2. We want to show the properties of Brownian motion, which are

(a) Xo=0

(b) for s >t >0, X, — X; ~ N(0,s — )

(c) independence of non-overlapping intervals

We proceed; for:
(a) We have that Wy =0 <= ¢ '/?W.0=0 <= X7 =0
(b) Note X; is mean zeroas s >t >0 <= cs>ct >0
E[Xs — X] = ¢ V/2E [Wes — W

=c 2.0
=0

and has variance s — ¢

var (X — X;) = ¢ 'var (Wey — Wey)
=c(es —ct)

=s—1

It is normally distributed as it is a linear combination of a normally distributed variable.

(c) Covariances of non-overlapping intervals are zero is sufficient for independence when normal. As
O<ti < <thp <oo = 0<cty <--- < ety <00, thus the independence of W, — Wey,
implies X; — X;, , are independent.
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Ex.3. For each part we want to show the variable satisfies martingale properties, which recall were:

1. X is (F;)-adapted
3. forall s > ¢, E[X|F] =X,

(i) We check the conditions in order:

1. The function f(z;) = x? — t is non-stochastic and continuous thus measurable and adapted.
2. Apply triangle inequality:
X < WP |+ |t = 2t < o0

3. Note for s > ¢

E [X,|F] = E [W7 — s|F]
=E [Ws_Wt+Wt) |~7:t} -
=E [(W, — W})? 4+ 2(W, — W)W, + W2 | F]
=E [(W, — Wy)?|F] +E [2(Ws — W) Wy |F] + W2 — s
=E [(Wy — Wy)?] + 2WLE [W, — W |F] + WP — s
=s—t+W2—s
=W2—t
=X,

Thus X; satisfies all three martingale conditions.
(i) We check the conditions in order:

1. The function is non-stochastic and continuous thus measurable and adapted.

2. The exponential function is positive, thus:
E[¥i] =E[Yi] = 2" E [

The MGF(n) of normally distributed variable, Z is E [e"#] = e#"37° 7" therefore taking
“0" moments, we have:
E[|Y;] = e 2%t = 1 < o0

3. For the martingale property we have for s >t
1
E [Ys|ft] =K |:6Xp <—2028 - Q(W Wt) - QWt> ’ft:|
1
= exp <2925 — GWt) E [exp (—0(Ws — Wy))]
1
= exp (—2925 - HWt) exp ( 0% (s — t))
Lo
= exp —50 t— oW,
=Y,

where the second equality follows from the independence of Wy, — Wy w.r.t. F; and the
measurability of W w.r.t. F;.



Chapter 2

1to Calculus

2.1 It0 integral

2.1.1 Motivation

Suppose we have the standard Brownian motion W as a model for price. If we bought 7y assets at time 0
and hold them until time T, the value of out portfolio at time T will be:

mo(Wr — W)

Now suppose we decided at deterministic times tg, t1,...,t, we want mg, 7y, . . . , ™, assets respectively. Then
at T we will have:

Z ﬂ-i(Wti-f—l - Wtq)
=0

Note the above holds even if m; is random. What is more interesting is what happens if we take ¢;41 — ¢;
smaller and smaller.

Example.

A cautionary example: based on standard calculus, one may guess the answer to the integral below to
be:

T 2 1 5
W, dW, = W2
0 2

However, if we approximate the rectangle under the curve with the left limit or right limit will change the
value of the integral. If we take left approximations, then we have:

n n
Z Wti (Wti+1 - Wti) = Z Wti Wti+1 - Wt%

i=1 =

+ Wt2L - (Wt2i+1 - Wt2l)2) - Wtzl

tit1

1
(W2
2(

o
Il

I
INNGE

n

Z Wt2i+1 - Wt% _% Z(Wti+l - Wtz‘)z

i=1 =1

N

telescopic sum

n

% Z WIQ“ - %Z(WtHJ - Wti)Q
=1

i=1

quad. var.=T

19
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W2 -T
2

o We, = W2+ W2 — (W2, — W2)?) and the

last comes from the previous chapter on quadratic variation. On the other hand if we take the right

where the second line comes from the identity W;

approximation, it can be verified that we get:

- WZ+T
ZWti+1 (Wti+1 - th) = TT
i=1

However these two ‘integrals’ are different due to finite quadratic variation. Neither integral are ‘wrong’;
the It6 integral

2.1.2 It6 integral for simple processes
Definition 2.1.1: Simple process
A process X on [0,7] is said to be a simple process if there exists a partition
O=to<ti1i <---<tp, =T
of [0, and a sequence of random variables K; s.t. for t € [t;,t;11):
X =K;

(i.e. a random step function)

The simple process remains constant over time intervals of the form [t;,¢;11). The value of the process

over each interval is known at the left end point of the interval.

Definition 2.1.2: Itd integral of a simple process

The [t6 integral, IT for a simple process X on [0,T] is defined pathwise as:
T n
/ Xs dWs = ZXti—l (Wu - Wtq‘,—l)
0 i=1

For a fixed ¢, I; is a random variable. The parameterised collection (t);c[o,7] is a stochastic process.

Note this is just the Riemann-Stieltjes sum of X against W using the left-end points of the partitioning
time intervals in the intermediate partition. Also note we assumed a filtration (F%) s.t. X is (F;)-adapted

and W is a Brownian motion on the filtered space.
Property 2.1.3: Elementary properties of simple Itd integral

The simple 1t6 integral, I;(X) := fot X, dW; for a simple process, X; has the following properties:
(a) linearity; I;(aX 4+ bY) = al(X) + bI(Y)
(b) measurability; I;(X) is (F;)-adapted

(c) continuity; t — I,(X)

Proof
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For:

(a) summation is linear.
(b)
(c)

Property 2.1.4: Martingale property

The simple 1t6 integral, [;(X) := f(f X, dW, for a simple process, X; is an £2-martingale; that is
for T > s, E [I7|Fs] = Is. In addition, if Iy = 0 then E [I;] = 0.

Proof

By linearity, we have

E [Ir|F] =

ZXtL 1 - Wt 1)

|

]:S‘| = Z]E |:Xti1(Wti - Wti—l)

i=1

If t; < s, then

E |:Xti1(Wti - Wtifl)

f8:| = Xti—l(Wti - Wtifl)

and suppose t; > s > t;_1 then

E |:Xti—1(Wt7’, - Wtz‘—l) S] - Wtz‘—l)

]:S:| = Xti—l(]E [Wtz
= Xti—l(WS - Wtz‘—l)

Therefore we can add all the ¢ up to s without problem, all that remains to show is the rest of the sum
from s to T is zero;

E [IT|}—S] = Is + Z E I:Xti—l(Wti - Wt171)|}—5}

1:t;_1>8

Focusing on the last term,

E [Xti—l(Wti - Wti—l)‘fs] E [E [th 1(Wt Wti—l)‘fti—l} ‘fs]
E [ ( [Wf |‘7:t7‘,—1] - Wti—l)“F"':I
E

[th I(WtL 1 Wti—1)|]:8} =

Therefore E [I7|Fs] = Is, the martingale property.
Property 2.1.5: I1t6 Isometry

The simple Itd integral, I;(X) := fot X,dW, for a simple process, X; satisfies the [t6 isometry
property
i t
E[I7] :=E U ngu] :/ E [X2] du
0 0

Proof
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We have

E[IZ] =E

<i Xti—l (WtL - Wti—l )>1

Using the identity, (37", a7) = >21 a7 +23°7 ) >0, asay, and setting a; = Xy, , (Wi, = Wy, _,),
we have

E [I%] =E ZXZ_1(WU - Wti—1)2 + ZZ Z Xti—l(Wti - Wtifl)th—l(Wtj - Wtj—l)
i=1 i=1 j=i+1

e Looking at the first term, we have

3

zn:E [Xiil(Wti - WtH)Q} S E[E {Xfiil(Wti - Wti*l)Q\ftHH
=1

|
= zn:E [Xf,_lE (W, — Wti71)2|]:ti—1]]
[

I
=

as E [(Wt‘ - Wtifl)Q‘]:tifJ =E [(Wh - Wti—l)Q] =1; —ti—1.

e The second term is zero by using LIE conditioning on F;, ,. Since the Brownian motion is a

martingale, this leaves zero.

Lemma 2.1.6: Quadratic variation of Itd6 simple integral

Quadratic variation of Itd integral is given by:
t
<It>t :/ XZ du
0

Proof for Lemma

2.1.3 It6 integral for Brownian motion

We can now define fg 0, dW, for any process in H?, i.e. any process that satisfies the regularity condition:

¢
E{/ 03ds}<oo
0

Proceed as follows:

Step 1. Approximate a process 6 in 2 by a sequence of simple processes; there exists a sequence of

simple processes (X™) such that:

n— oo

t
lim E U [Xg—es]st} =0
0
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That is, (X™) converges to 6 in the £2(P x \) norm.

Step 2. Since X converges to 6, then it is Cauchy. Let I} := fot X dWs i.e. the well defined
integral of the n-th process in the sequence of simple approximating processes. For n,m € N, since
X[ is Cauchy the LHS converges to 0, and applying Itd isometry to the second line, we show that I}
is Cauchy

t
HHWMWWEUWSMWﬂ
0

t t 2
{/ X;‘ds—/X;”ds}
0 0

=B [} - 1))

=1y = L™l c2y— O

=E

Since I is Cauchy, it is convergent on £? as it can be proven £2? is a complete space. The limit is

defined as the /t6 integral.

Definition 2.1.7: WW-integrable

The

Definition 2.1.8: W-local-integrable

The

Property 2.1.9: Elementary properties of It6 integral

The It6 integral, I;(X) := fot X dWj for stochastic process, X; € H2_ has the following properties:
(a) linearity; It (aX 4+ bY) = al(X) + b1 (Y)
(b) measurability; I;(X) is (F;)-adapted
(c) continuity; t — I(X)

Proof

For:
(a) summation is linear.
(b)
(c)
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Property 2.1.10: Martingale property

The 1t6 integral, [;(X) := fot X, dW, for stochastic process, X; € H? is an £2-martingale; that is
for T > s,

E [IT|-FS] == Is
In addition, if I = 0 then E [I,] = 0.

Proof

For € H?, and the approximating integral I™ that satisfies lim,, o E [I?* — I7] = 0 we have

0 <E [(E[Ir|F] - L] = E [(E [Ir — I}IF) — (I~ I}))’]

= E[(E [Ir — I}|F.)] + 2B [E [Fr — I}IF] (17 — L))+ E [(1, — I7)?]
< 2B [(E[Ir — I}IF)?) +2E [(I, - I)?]
~—_—————

—0

where the third line is obtained using the identity 2ab < a? +b2. By Jensen's (conditional) inequality, the
first term of the last line satisfies

E [(E[Ir — I}F))?] <E[E[(Ir - I}?|F]] =E [(Ir — I#)?] = 0
Thus

E [(E [I7|F] — I,)?] =0 = (E[Ip|F] - I,)> =0 = E [I7|F] = I,

Property 2.1.11: 1t6 Isometry

The 1t6 integral, I;(X) := fot X, dW, for a stochastic process, X; € H? satisfies the [té isometry
property
f t
E[IZ] =E U ngu] :/ E [X2] du
0 0

Proof

Lemma 2.1.12: Quadratic variation of Itd simple integral

Quadratic variation of Itd integral is given by:
t
<It>t :/ Xg du
0

Proof for Lemma

Example.
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An example of computing the It6 integral:

2
T
/ W, dW, = —T—§

Proof. Guess the simple process:

9? = Wt:l 1[ n

tL 7t?+1)

Check it approximates W, in #2, that is we want

E VOT(ef - Wt)zdt] -0

We have:

E

/Owa >dt] /T E [(67 — Wi)?] dt

/ Z]E (Wip = Wo)?] Licpen oz, dt
/ Zt _tlte[t"t" )dt—>0

Now we proceed with this sequence.

E[(I}-V)?] =E (Z Wir (W, — W) — 7 T 2>
i=1

" 2
(Wt?Wtﬁl o Wt%) - %Z(wa—l - Wt%) + % Z(ti+1 - tz))

|
&=
AN

@
Il
—
©
Il
i
-
Il
—

n

,4;,_.

[ a — b (VVt;L+l — Wt;‘)ﬂzl

i=1

tbe... O

2.2 1to Processes

Definition 2.2.1: 1t6 Process

We call a stochastic process X an [té process if it can be represented as
t i
X :X0+/ usds—i—/ os AW
0 0
where X € R, 0 € H? u € L (ie. fot |pus| ds < oo a.s.).

In differential form, we can express the dynamic as:

dXt = Ut dt + oy th

The first integral is a time integral, while the second is an Itd integral. 1td processes provide us with one
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of the most flexible probabilistic models of security prices (without jumps).

Definition 2.2.2: Drift and diffusion

We can interpret the process y; as the drift, and o; as the diffusion process as

Et [dSt] = Ut dt
var; (dS;) = o? dt

Lemma 2.2.3: Almost sure, almost everywhere processes

Let
t t
Xt:X0+/ asds+/ bs dW,
0 0
t t
i=Yo+ [ auds+ [ g.aw.
0 0
We have X; =Y; as. ae. ifand only if Xg =Yy anda=«, b= as. a.e.

Proof for Lemma

Lemma 2.2.4: Quadratic variation of 1t6 process

The quadratic variation of an Itd process is

t
<S>t:/ o2ds
0

Proof for Lemma

2
Let 7™ be a sequence of partitions of [0,#] s.t. lim, . Z?_:Ol ( f,ﬁ“ O dVVS) = fot 02 ds. Quadratic

variation is defined as

n—1
‘/;2(5’) E nh_>n’olo Z(St?—l — St?)Q
=0
n—1 t;l+1 t?+1 2
= lim Z / s ds —|—/ os dWy
n—1 ‘L;”} N 2 t:’_H t?’_*_l t?—f—l 2
= lim Z / psds | +2 / fs ds / o, dWy + / os dW;
n—00 —o ¢ tn e Ly

We deal with each part of the sum separately;
o for

n—1 "ty 2 t;”+1 k—1 (24
Z / psds | < sup/ |ps| ds Z/ |ps| ds
i=0 \/t7 ioJey i=0 717

n

o t
= sup/ lps| ds (/ IusldS)
i Jin 0
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t
< sup s sup(Els — £2) ( e ds) -0
0

[0,t] i
as sup; (tj, 1 — t7") = [|7"|| — 0 and the integral is finite.
o for

n—1

ty ti t
Z / ps ds / o, dW, < / |ps| AW sup
i=0 7t 2 0 i

again as sup, (t7,, —ti') = ||7"|| — 0 and the integral is finite.

—0

t?—f—l
os AW
tn
k2

e the last term converges to quadratic variation of the It integral,

2
7 t )
os dW, — osds
n a.s. Jo

Thus we are left with V,2(S) = fot oZds

S

Definition 2.2.5: It6 integral w.r.t. an Itd process

Let 0 be an adapted process s.t. puf € £2 and §o € H?. The integral of 6 w.r.t. the Itd process S; is
defined as
t t t
/ 0, dS, ::/ Oty du+/ 00, dW,
0 0 0

2.3 It6 formula
Recall the Taylor expansion:
Definition 2.3.1: Taylor formula

A Taylor approximation of f : R — R at t is given by:

Fle+A) = F(6) + FOA+ 3P A2+ -+ — FO (AT

Definition 2.3.2: Order symbol

For a random sequence X,,,

Xn
X, =0(an) < lim 20
n— oo a’7L
Example.

We show the Fundamental Theorem of Calculus with the Taylor formula. Partition [0, T] with A :=T'/n.

F(T) = f(0) = nlgngo{[f (L) = r O]+ [£ (Z) = (E)] +--- [f(T) _f (M)}}

n
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o NS (G=DT T g (GmDT
Jm 3o (S5 7) s ()
— 1 1 G=1D)T\ T (1
nhf;o;[f( L) L4 5 (2)]
— 1 1 G=1)T\ T — 1
dm 32 [ (45E) ] o )
_/tf’(u)du

0

where the third equality follows by Taylor's formula above.

28

Now suppose we have S; instead; a deterministic smooth function, and we want to apply Taylor's formula

to f(S¢).
F(Siva) = f (Si+Sia+0(4))
Let A := (S]A +3(A)), then we also have that

=f(Se) + f'(S)A +6(A)
=£(Se) + f/(S)(SIA + 0(A)) + 6(A)
=F(S)) + f/(S)SiA + (D)

as A and A have the same order.

2.3.1 Ito formula for functions of Brownian motion

Now what if we have a function of a Brownian motion? Same thing:

Lemma 2.3.3: Ito formula for functions of Brownian motion

Let f € C?, then

AF(W) = /(W) W, + 31" (W) de

Proof for Lemma
Let A := Wirn — Wy, then by finite quadratic variation, A" at
A
——~
fWira) = fWe + (Wipa — Wi))
| _ -
= f(Wy) + f/ (W) A + §f”(Wt),A2 +0(A?)

—dt

Lemma 2.3.4: Ito integral for functions of Brownian motion

In integral notation

1) = fWo) = [ v+ g [y as
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Proof for Lemma

n—1
fWr) = f(Wo) = Z FWip) = f(We,)
=0
n—1 1n—1 n—1
= "(Win)(Wyn — Wi,) + = "(Win) (Wen — Wi )2 +)  o(Win — Wy,)?
;f( ) (W ) 2;f(z)( : ) ;(( : )7)

—dt
n—1

= f/(WS)dWS‘F%/O f” d$+z th z+1)2)

0

Looking closer at the last term, we can rewrite as:

S —~ 0 ((We, = Wi, )? noo
Z o ((Wt7 7+1 Z O tL thl+1)) ) (Wt, - Wt7;+1)2 :>> 0
i=1 i=1 i+1 —_—

—dt
—0

Thus we are left with the result.

Example.

Let f(z) = 22, then f'(z) = 2x, f"(z) = 2 thus
s 1
df (W) = 2W, dW, + dt = / W, dW, = 5(Ws2 —5)
0

(what we found earlier by approximating sequences)

Example.
Let f(x) = ez, then f'(x) = 0e®, f(x) = 02e’® thus

2
de"™t = geoWr AW, + %e”wt dt

t o2 [t
— W =1 +/ oe” Ve dW, + ?/ e"Ws ds
0 0

Now suppose f depends on t and Wy, how can we represent it as an integral?

Lemma 2.3.5

[t6 formula for f € C12 is
1
df(t, W) = (ft(t, W) + §fww(t, Wt)> dt + fo.(t, W) dW,
(Mnemonic rule is dW - dt = 0, (dW)? = dt)

Proof for Lemma

We have

Jt+A,Win)
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=f(t,Wirn) + fe(t, Wira)A 4+ 0(A)
~A ~A

=f(t, W) + fo(t, W) (Wiga — W) + §fxr(t W) (Wiga — W/t)2 +o(Wiga — Wt)Q)
+ fe(t, W) A + fio(t, Wi) (Wipa — Wi)A +0(A)
—
~A3/20

:f(t. VVt) + fx (ZL// VI/Q)(LL}+A - I/I/Yt) + %fxr (t. VIQ)A + ft(t7 Wt)A + 6(A)

Rearrange for f(t + A, Wiia) — f(t, Wy); the limit as A — d¢ yields result.

2.3.2 Ito’'s Lemma in one dimension

We can generalise what we did above for Brownian motion to It6 processes.

Theorem 2.3.6: It6’s Lemma

Suppose dX; = py dt + o dWy, then

A (t X) = ults Xo) + Fult, X)X, + 5 aalt, X0) 44X,

or altenatively

A7t X0) = fults X0) + fult, X0 QX0 + 5 faalt, Xo)o d

Proof. As before with just Brownian motion,

Jt+A, X n)
=f(t, Xeva) + fi(t, Xeya) A +0(A)

NU?A %ﬁfA
=f(t, Xe) + fut, Xe)(Xipn — Xo) + %fmm(thl/) (Xera — Xi)? +o((Xpqa — X4)?)

+ fe(t, X)A + fro(t, Xy) (Xiga — Xi)A +0(4)
~—_——

~o:A3/250

O_Z

:f(u Xt) + fr (ta Xt)(Xt+A - Xt) + ?tfmc (tv Xt)A + ft(t7 Xt)A + 6(A)

where (dX;)? = (u; dt + o, dW;)? leaves us with o2(dW;)? = o2 dt, used in the second line. Rearrange for
ft+ A, Xpn) — f(¢,X); the limit as A — d¢ yields result. O

Example.

Consider efo 7s9Ws s this a function of W:? No, instead let X; = fg osdWs. X, is an It6 process as

t
Xt:/ O'deS <~ dXt:O'tth
0

Then we have

2
deXt = X0 dX, + %exf at
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2.3.3 Stochastic exponential
Definition 2.3.7: Stochastic exponential

A stochastic exponential is of the form

t t
St:SOexp{/ usds—&—/ JSdWS}
0 0

Note that with the substitution Z; = log Sy s.t. dZ; = p;dt + o dW; we can show S; is an Itd
process.

[t6's lemma on S; = Spe?t implies
dSt = (XtSt dt + O'tSt th

2 . ~ e . .
where oy = iy + %, thus Sy is an Itd process. Some additional facts on stochastic exponentials:

e A stochastic exponential is a generalized version of a geometric Brownian motion (i.e. GBM with drift).
2
It is a martingale if p; = —%. It can be shown every positive continuous process can be written as a
stochastic exponential.

e Stochastic exponentials are used as the stochastic discount factor.

Example.

Now we consider what is the integral representation of 1/5;? Note that since f(x) = 1/x is not twice
continuously differentiable, 1t6 formula does not apply in general, however since S; is strictly positive, and
1/x is twice continuously differentiable on R, everything is ok.

We have f'(z) = =%, f"(z) = 3, thus

1 1 12
d( ):_Sfd5t+2‘(d5t)2

Sy 53
1 1 o?
=—qy—dt —op— dW, + L dt
atSt UtSt t + S,

Thus V; := f(S) = s% is also a stochastic exponential as
dY; = (0?7 — oy)Yi dt — o, Y; AW,
2.3.4 Integration by parts (product rule)
Corollary 2.3.8: 1t6 product rule
Let dX; = uX dt + X dW; and dY; = p) dt + o} dW;. Then we have
dX;V; = X;dY; + YV, dX; + 03 o) dt
Proof for Corollary.
Let Az := (Ziyn — Z4) for Z € {X,Y}. As before we have

XiraYipn = (Xo + Ax)(Ye + Ay) + 0((Xiga — Xt)z)
=XiY, + Xi Ay + AxY, + Ax Ay
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Now note that Ax ~ p* A + o;X (Wiy A — W;) and same for Y, thus

XiraYien = X0y + XiAy + AxY,
+ (1 A+ X (Wiga — W) (1 A + 0} (Wiga — W)

Removing higher order terms (i.e. AP;p > 1), we have:
XepaYeea = XY + XeAx + YAy + 0 0f A

Rearrange for X AYipa — X1 Y;; the limit as A — dt yields result.
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2.4 Exercises

33
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2.5 Solutions
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Chapter 3

Valuation

3.1 Financial Markets

3.1.1 Primary Assets
Definition 3.1.1: Bond price model

Assume money-market follows:

where r is a constant interest rate. The solution is given by

Bt _ ert
Definition 3.1.2: Stock price model
Assume stock price follows a GBM

The solution is given by

St = Soe(lh%)tﬂfwt

3.1.2 Derivatives

Definition 3.1.3: American Options

Definition 3.1.4: European Options

Definition 3.1.5: Down-and-Out European Options

35
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Definition 3.1.6: Arithmetic-Average Asian Options

3.1.3 Self-Financing Portfolios

Definition 3.1.7: Portfolio Wealth

Let N denote value in the money market, and N, shares of stock. The value of our portfolio at time

t is given by
X; = N)B; + N;S;

In addition, assume we start with initial capital Xj.

At time 0, we have

Xo =N By +NoSo = N + NoSp
~~

=1

In discrete time, assume the investor changes portfolio positions at discrete times only, with no transaction
costs. Let the next re-balancing occur at time s > t. Just before the rebalancing at time s—, our portfolio

has value:

X, =N’B,_ + N;S,_
= N B, + N;S;

where the second line comes from the continuity of By, S;. The portfolio has wealth X just after rebalancing,

defined as:
Xs+ = NSBS + NSSS
This lends itself to the next definition:

Definition 3.1.8: Self-financing portfolio

Let X;_, X;, represent the portfolio’s value prior to and just after the rearrangement of positions at

time ¢. Self-financing means that
Xt_ = Xt+

i.e. rebalancing does not change investors wealth.

If X is self-financing, then we can write:

N?B, + NS, = N°B, + N,S;
> (N = N0)By + (N, = N,)S, = 0

Taking the intervals between s and ¢ smaller, then we have:

BydNY + S;dN; =0
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Lemma 3.1.9: Self-financing portfolio dynamics in continuous time

It holds that
dX; = N)dB; + N; dS;

Proof for Lemma

It may seem trivial, but we cannot simply differentiate both sides of X; = N?B; + N,S;. Instead, again
consider the time now, ¢, and some time ahead s > t. The change in portfolio wealth is

X, — X, = N2(By, — B,) + N,(Ss — Sy)
Since X; is self-financing, we have X; = X_ therefore
X, — Xy = N)(B, — By) + N¢(Ss — St)

Therefore, changes in portfolio wealth in between rebalancing can only be due to changes in the asset
prices. When we take s —t — 0, then

dX; = N dB; + N;dS;

If we substitute the processes (3.1.1]) and (3.1.2)) into d X}, we get:

dX; = Nrdt + Ny(uS; dt + Sy dB;)
= Xﬂ‘dt‘F (,u—r)NtSt dt+O'NtSt de (313)

Definition 3.1.10: Portfolio Process

More often we work with the value of our positions, 7; which we call the portfolio process. It is defined
as:

Tt = NtSt
We can rewrite (3.1.3)) as

dX; = Xyrdt + m(p — r) dt + om AW,

The solution can be shown as
t t
X, =e" (Xo + (p— r)/ e ", du + O’/ e "y, qu> (3.1.4)
0 0

3.2 The idea behind valuation

3.2.1 Replication and no-arbitrage

If we can construct a portfolio that has exactly the same payoff at time T', then they must have the same
price for all t < T. If this is not true, then one can earn riskless profits from this arbitrage opportunity.



CHAPTER 3. VALUATION

38
Definition 3.2.1: Arbitrage
Given a trading strategy 7, and portfolio wealth X;(Xo, ), we call it an arbitrage if
o Xy <0andforallwe, Xp(w) >0
e or Xg =0 and
— forallwe Q, Xr(w) >0
— for at least one w € Q Xp(w) >0
We now consider a famous no-arbitrage condition that relates the option prices to the stock price.
Theorem 3.2.2: Put-Call Parity
Consider a European call and put option with price C;, P;, both with the same maturity 7', strike price
K. Then the following relation holds:
Cy— P, =8 — Ke Tt (3.2.1)
Proof. Consider a portfolio at time T,
=K — S+ Cp — Pr
=K-Sr+(Sr—K)" — (K- Sp)"
Sr—K ifSpr>K 0 if Sp > K
=K—-5r+ g ] ’ - g
if S7 < K K-Sy ifSr<K
Sr—K ifSp>K
=K - S+ T r
Sr— K ifSr<K
=0
Since they have a guaranteed payoff of zero at T, the price must be the same, i.e.
Ty — KE_T(T_t) - St +Ct —Pt =0
<~—C,— P, =5, — KGiT(T?t)
O

On replication more generally, suppose we know that there exists a self-financing portfolio 7 s.t. final
wealth at T is equal to the payoff of asset H at T

XT(X(), ’/TT) = HT P-a.s.

Then by no arbitrage, the price of both assets must be the same at all times prior. In particular, due to ((3.1.4))

T T
Hr =¢7 (XO + (u— 7")/ e ", du + a/ ey, qu>
0 0
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If we are to recover X, then we need to find a 7 that replicates the payoff.

-Tr

T T
C_TTHT = X() + / e_mﬂua'u du + / €_Tu7Tu0' qu
0 0

T p—
= Xo + / e "m0 ('LH du + qu>
0 ag

=AWy

T
= Xo + 0/ e "y, dez
0

We need an equivalent measure s.t. Hr = X7 (X, 7) — P a.s., so the part on the right can be written as a
Brownian motion under this measure. Assume there exists a measure QQ s.t.

aw? = 27" a4 aw,
ag

is a Brownian motion. Under sufficient conditions for m; (that is m; € #?) then the It6 integral w.r.t. a

Brownian motion is a martingale, EQ [I7|Fy] = Iy = 0. By taking conditional expectations,
Xo = e "TEQ [Hy | Fo)
3.2.2 Risk-neutral valuation

Definition 3.2.3: Market price of risk

Define the market price of risk, 9 as

Consider the exponential martingale L given by
st = 19Lt th, LO =1

By 1t6 product rule,
L 7
Lt = exp —519 t—1 t

Definition 3.2.4: Equivalent Martingale Measure

We define the risk-neutral or equivalent martingale probability measure, Q7 on the measurable space
(Q, Fr) as: for A € Fr,

Qr(4) = E* [Lr1p4)]

We often will refer to this as just Q.
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Theorem 3.2.5: Girsanov’s Theorem

Under the measure Q, the process (W/;t € [0,T]) given by

WP =9t + W,
is a (F;)-Brownian motion.

Proof. We show that under measure Q, W/ := 9t + W; is a Brownian motion. First note that W}’
is continuous as W, is continuous, and W(')ﬁ = 0. Now we need to show that increments are normally

distributed and independent under Q.
Partition [0, T into

Oztogtlg"'gtnflgtn:

Consider the joint probability function under Qp

Wtﬁ < xp)

n—1

Qr(W) —W¢ <ay,..., W,

n

=Qr(Wy, =Wy <21 —9(ts —to),. .., Wy, =Wy, < — 9ty — th-1))

which follows by substituting the definition of W;” above. By the definition of the measure Q, the above is

equal to

_ 7P
=E [LTl{th—Wtogxl—ﬂ(tl—to),..i,wtn—th_lan—ﬂ(tn—tnq)}}

1 n
= EP |f3Xp (—2’(92T — 19WT> 11;[1 1{Wtthi1<wiﬁ(titil)}]
exp (_19WT) H 1{Wti*Wti,1 <Iiﬁ(titi—1)}]

i=1

1
= exp (—2192T) EP

Note that we can rewrite Wy = Z?:l Wi, — W, , as a telescopic sum. Thus we have

1 n
= exp (—2192T) EP H exp (—ﬁ(WtL — Wti—l)) 1{Wtthi1<Iiﬁ(titi—l)}]
1=1

n

1
= exp (—2ﬁ2T> I1E {exp (—0(Wy, = We,,)) 1{Wf,i—Wf,i,1gm—ﬁ(ti—tifl)}}
=1

as Wy, — Wy,_, are IID normal (independent). Now we focus on the i-th term in the product; using the

normal MGF, EF {ewffwtifl} we have

E* [exp (_ﬁ(WtL - Wtz‘fl)) 1{Wt,i7Wti,1Sl’i*ﬂ(ti*tifl)}}

zi—0(ti—ti_1) 1 1 22
= ex 77.9:.5 —F—€X —_—— dx
/oo p( )\/ti—ti_l\/2ﬂ' p( 2ti_ti1)

which when rearranged gives

1 x; ﬁ(tiftlfl) 1 T
= —/ exp (19£E — > dzx
\/ti 7ti_1\/ 2w —00 2751 —ti,1
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Note the exponential can be rewritten as

( 1219x(ti—ti_1)+x2)
=exp|—=

2 ti —ti—1
2 .t 2(4. _ ¢, 2 9204 4. 2
= exp (_133' + 2'[9.’1)(757( tl_l) + [19 (tl tz—l) ) (tz tl—l) })
2 ti —ti—1
_ 1(z+9(t —ti-1))? 1,
= exp (—2 PR + 219 (t; —tiz1)

Thus putting it back into the integral, we get

exp(30%(t; — ti1)) /xi_ﬂ(ti_til) exp (_1 (x4 9(t; — til))2> da
\/ti — ti,1 vV 2w —00 2 ti - ti—l

Using a change of variable y := z + ¥(¢; — t;—1), we have

exp(392(t; — ti—1)) /“ exp <_1 y? ) dy
\/ti —tifl\/ 2T —00 2tL _ti—l

Now plug this back into the the product

1 u2
1 zi €XP <_§ t'—(t,',1>
exp | —=9?T ex 19275 —ti_ ) S d
p( 2 >H p( 1) —00 \/ti—tifl\/QTr Y
1 y2
1 n T; exp<7§7t'—t_1)
= exp | —=9°T exp [ =0%(t; — ti_ ) 7 d
p( 2 >H p( ) H —oo Vi —ti_1V2m Y
1 y2
a3 eXp 271: — )
= ex —7192 ex 92T ) / 2 dy
p( ) p( H \/t _tz 1\/27’(

(A E R
- ti — i V2T 2t —ti1 Y

which is 11D normal with mean zero and variance t; — ¢;,_1 O
Corollary 3.2.6
For any Z € Fr and s < T we have

Q [Z‘FS] _ EF [LTZ|-7:S]

Proof for Corollary.

By definition of conditional expectation, we want to show that for any A € F;,
E? [Z11a)] = E¥ [Y1 )]
where Y is the RHS. By definition of the Q-measure

E® [Z1(a)] = E" [L1Z1 (4]
=EF [EF [L1Z1(4}|F]]
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=E" [E' [L1Z|F] 1143]

_er | Y [LTZVS]I{A}]

S LS

P
e [1 Z L7

L,

Remark.

42

Let Y € F, then EQ[Y] = EF [LyY] = EF [E [LyY|F.)] = EF [YE? [Lp|F.)] = BF[YL,, ie if a

random variable is measurable w.r.t. F,, then we can change the measure with £,

3.3 Formal valuation in a Black-Scholes market
Definition 3.3.1: Black-Scholes market
In a Black-Scholes market, we assume
1. the stock price follows a GBM
2. no arbitrage opportunities

3. market completeness

Theorem 3.3.2: Black-Scholes martingale processes
In the Black-Scholes model, under the EMM Q
(i) the discounted stock price process, {e~"*S;}ic(o,1) is a (F;)-martingale

ii) the discounted portfolio wealth process {e™"¢X; }:cio.7 is a (F;)-local martingale
€[0,7]

Proof. (i) Using the integration by parts formula on f(t,S;) = e~"*S; we have

d(e™"Sy) = e " dS; + Spd(e” ")
=e "(uS;dt + oSy dW;) — rSie " dt

— ¢S, (“ “Tat+ th)
g

= eirtStCT (19 dt + th)
= e "SodW)

The solution (using the stochastic exponential solution with = 0) is

1
e "8, = Spexp (—20275 + odW?)

Recall from the last exercise in chapter 1, that the RHS is a (F;)-martingale; equating LHS and RHS

follows the result.

(i) Similarly for a self-financing portfolio, we have for ¢ € [0, T

t t
e "Xy =Xo+ (u—7) / e ", du + 0’/ e ", dW,
Jo 0
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t t
=Xo+09 | e ™r,du+ o/ e ", AW,
0 0

t

= X() + U/ e_ruﬂu(ﬁ du + qu)
0

t
= Xo+ 0/ e "y, def
0

In general, the It6 integral w.r.t. a Brownian motion is a local martingale (to show it is a martingale

requires additional restrictions on ;).
O

3.3.1 Admissibility and Arbitrage

Definition 3.3.3: Admissible

A self-financing portfolio strategy is admissible if its associated wealth process X is bounded from

below by a constant, which may depend on the portfolio itself.

Theorem 3.3.4: Admissible —> no-arbitrage

In the Black-Scholes model, there is no admissible self-financing portfolio that offers arbitrage oppor-

tunities.

Proof. Assume Jm; which is admissible, with wealth process X
e Xo=0
e arbitrage:

— forsome T >0P(Xp>0)=1
— for some event A € F; with P(A4) > 0, X7 (w) > 0 for all w € A.

Part 1. Consider the risk-neutral measure Q which is equivalent a.s. to P, that is

P(C) =0 < Q(C)
P(C)=1 «— Q(C)

0
1

Equivalence implies the arbitrage conditions becomes:

o Q(XT > 0) =1
e for some A € Fr with Q(A4) >0, Xy (w) > 0 for all w € A.

Therefore it follows from this that E@ [X7(w)] > 0.

Part 2. Under the risk-neutral measure, the discounted portfolio value process follows
t
e "X, = 0'/ e "m de
0
Since we assume the portfolio strategy is admissible, therefore there exists a constant K > 0 s.t.

e "X, > K for all t € [0,T] (bounded below). Thus e "X, + K > 0 is a positive (F)-local
martingale w.r.t. the measure Q.
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Positive local martingales are supermartingales (see this chapter exercises for proof), thus e " X; + K
is an (F)-supermartingale w.r.t. the probability measure Q i.e. for t > s

EQ [e" X, + K|F,] < "X, + K

We have for Xr:

EQ (X7 =e " T(e T Xp + K — K)

T (ER [e7T X1 + K| — K)

=T (E?[EC [e " Xr + K|Fo]] — K)
" (E?[Xo + K] — K)

0

IN

However note the results in Parts 1 and 2 derived independently from each other contradict, therefore there
cannot be an arbitrage. O

3.3.2 Formal Valuation Theorems

Definition 3.3.5: European Contingent Claim
Definition 3.3.6: Replicating Process

Theorem 3.3.7: Existence and pricing of European claims

Consider a European contingent claim with payoff Hy € £1(Q2, Fr,Q) bounded from below, where
Q is the EMM. Then there exists a replicating portfolio s.t. X7 = Hr. Moreover, for ¢t € [0, T] the
no-arbitrage price of Hrp is

: L
PHT — ¢~r(T-t)gP [LTHT

}'t] = e "TOER [Hy|FR]

Motivation for Proof. Remember that if we can find a replicating portfolio m; s.t. the associated wealth

process
XT(X(), 7T) = HT

then the value of the portfolio is the same as the asset H; at time ¢t < T, that is

1

—rt v
e X[ =
t
L,

EF [e_TTLTHT|.7:t]
Now consider the (F;,P)-martingale M defined by
M, :=E" [e”"" Ly Hy|F,]

st. e "X, = I‘L/I—t' Then by the martingale representation theorem, there exists a K that is (F;)-adapted s.t.
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forallt >0
t
M,; = EF [e_rTLTHT} —|—/ K, dW, <— dM; = K;dW, = Kt(thﬂ — Hdt)
0

Now recall that dL; = —60L; dW;, which by It6’'s lemma implies
dL;7' = 0Lt dt + 0L AW, = 0L, dw?
Integrating by parts, we have
d (Z‘iﬁ) = M, dL;* + Ly dM; 4+ 0K, L dt

= MOL; P AWY + L K dWP — L YOK, dt + 0K, Lt dt
= (M0 + Ky) Lyt awy?

and

M, M, N " M0+ K,

il dw?
Ly Lo 0 L ®

Proof. Consider the self-financing strategy m; with initial wealth

M,
Xo = M, (which is also just L—O)
0

and process defined by

(MK
b O'Lt

Therefore using the portfolio evolution definition, the discounted wealth process can be written as
M, " MO+ K,
—rt 0 s s 9
Xe=— ——dW,
(& t L() +/0 Ls s

In the motivation for the proof, we show that the RHS can be expressed simply as M;/L; through repeated
application of It6 calculus. Therefore at time T', we have that X7 by our definition of M; is

7 Mt

Lt
erT
= —E° [e "Ly Hy|Fr]
L

= Hr P-as.

XT:€

Therefore since there exists a replicating portfolio (note that turns out to be a true martingale), then the
price at time ¢, H; must be equal to the wealth process at time ¢, X;. O
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Corollary 3.3.8: Price of European options

In a Black-Scholes market, the no-arbitrage price process of a European contingent claim that yields
the payoff FI(St) € £L1(Q, F;, Q) at maturity T > 0 is given by

P, = E® [T~ F(5p)| 7]

for t € [0,T], where

45 _ rdt + o dW?
S

and W is an (F;)-Brownian motion under the risk-neutral (EMM) measure Q.

Example.

Consider a European vanilla call option with maturity 7" and strike price K. The no-arbitrage price, Cy2"ila

at time t is given by

C;//aniHa — e—r(T—t)EQ [(ST - K)J’_‘]:t]
= 5i®(d) — e " TTIK®(dy)

where

log (Si/K 102 (T —t
dl = Og( t/ ):(;tio’)( ), d2 szl—O'VT—t

Proof. Under the risk-neutral measure, the stock price at time ¢ is given by

St = Sie (r—102(T—t)+a\/T—t%9 tﬂ)
= X —
T t €Xp B T

..the... O
Definition 3.3.9: Stochastic Discount Factor (SDF)
We define the stochastic discount factor or state price density, & as

. dQ
ft =€ tLt where Lt =K |:d]P>|ft:|

In complete markets, the no-arbitrage price of payoff Hr can be expressed as

P, =E® e " Hyr|F,| = FF ETHTU-}}
t

We can therefore interpret L as the price of risk for the T-horizon.
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3.4 Exercises
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3.5 Solutions

Ex.1 In a standard Black-Scholes market, the stock price follows
dS; = rS; + oSy dWY

where W} is a Brownian motion under the equivalent martingale measure. The solution is given by

t 1 t
St:SOexp(/r—UQdu—i—/adez)

0 2 0

1 2 v

= Spexp r—50 t+ oW,

SP = SPexp <(r - ;02) pt +P0Wtﬂ)

and thus

In a Black-Scholes market, the price of the option is given by the formula
Py = "TE® [(SF — K)T|Fo

= e_TTEQ |:S’§“1{S,§:>K} - K1{551>K}|]:0:|

=e"TE? [5§1{59>K}|}—0} — e "TKE? {1{S§>K}|f0:|
The inequality can be rewritten as

S > K
1
< SPexp ((r - 202) pT +p0W}9> > K

wy log S—Kg —(r—10?)pT

VT~ poVT

— =: —dy

where W2 /v/T ~ N(0,1).

Using the fact E? [¢*™%1; . ] = exp(a + b?/2)®(b — c) for standard normal Z, we have
e "TEQ [S§1{55>K}|}"0] = e "TSPexp ((r - ;02> pT —|—p202T> ) (po’\/T — d2>
= exp ((p — 1T — ;Usz) SE®(dy)
where d; := po/T — dy. Similarly we have EQ [1(z>c}] = ®(—c), thus
e T KE® [1{5;>K}|}'0] = e TK®(dy)
Putting both parts together, we have

1
Py = exp ((p - 1)rT — 2UQpT) Sh®(dy) + e " TK®(dy)

48
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Ex.2 Consider In S;. By It6's lemma,

1 11
dlDSt = det

— ——(dS;)?
S, 253( t)

1 1
= —(,utSt dt + O'tSt th) —

St
1 2
= Ntdt—i—o—tth — io—t dt

1
= (Ht — 20?) dt + oy dW;

The solution to this is

t
1
lnSt:lnSO—F/ /J/u_§O'ZdU;+
0

and therefore

1
557

2
Oy

SZdt

t
/ o, AWy,
0

t 1 t
Sy = Sp exp (/ Mu*igszJr/ Juqu)
0 0

Ex.3 By the definition of a local martingale, there exists a sequence of stopping times 7,, 17T s.t.

Mt" = Xt/\‘r" >0
is a martingale for any n. For s < t, the martingale property is
B [M{|Fs] = M

Next we apply Fatou's Lemma as M;* > 0 for all t € [0,T]

E [nm inf M| F,| < liminf E [M}|F,]
n—oo n—00

49

Note that as n — oo, M* = X; which means the LHS converges to E [X;|F;]. By the same logic, the

RHS is equal to X as shown below on the right

E [X:|Fs] < liminf E [M]*|Fs]
n—ro0

= liminf M}

n—oo

:Xs

Therefore X, is a supermartingale.



Chapter 4

SDEs, Feynman-Kac and Generalised
Black-Scholes

4.1 Stochastic Differential Equations
Definition 4.1.1: A (1-dim) SDE
A (1-d) stochastic differential equation is an equation of the form
dX; = p(t, Xy) dt + o(t, X)) dWs

where 1 : [0,00) xR — R and ¢ : [0,00) x R — R are the drift and diffusion functions (note they do
not depend on w directly; randomness only arises through X;), and W is a (1-d) standard Brownian
motion. If the drift and diffusion does not depend on time, the SDE is called time-homogenous or
autonomous.

Given an intial condition X, the solution to the SDE is a stochastic process X, that we call a diffusion
process.

Example.

Geometric Brownian Motion (GBM). Consider the SDE:
dXt = ,U/Xt dt + O'Xt th

with p,0 € R. We have already shown the solution is the GBM. With initial condition X, we have

o2
X; = Xpexp <(u — 2) t+0’Wt>

Example.

Ornstein-Uhlenbeck (OU) with no drift. Consider

dXt = —KZXt + O'th

50
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with k, o € R. With initial condition Xj, the solution is

t
Xt — efrt (XO +/ GTSUde)
0

Proof. O

4.1.1 Strong solution
Definition 4.1.2: Strong solution to SDE
A process X is a strong solution to an SDE with initial condition X if
(i) X is (F}"),-adapted (the filtration generated by the Brownian motion, W)

(i) the integrals fOT u(t, X;)dt and fOT o(t, X¢) dW; are well defined for all T', that is u; € £!, and
o € leoc

(iii) for all ¢ >0,
t t
X, :X0+/ u(s,Xs)ds—i—/ o(s,Xs)dW; as.
0 0

given that we have a fixed Brownian motion W.

There is another type of solution; the weak solution. We will consider only strong solution here as when
we price derivatives, the Brownian motion is fixed by the stock price process, and we from now one refer to
‘strong’ solutions as just the solution.

We state without proof:

Lemma 4.1.3: Markov property of strong solution
The (strong) solution, X to an SDE is a Markov process, that is for any function f,
E [f(X7)|F] = E [f (X7)| X¢]

There is no dependence on the past.

4.1.2 Uniqueness and Existence of solutions
Definition 4.1.4: Lipschitz

A function f(t,z) satsifies the Lipschitz condition w.r.t. x if there exists some constant L € R s.t.

for any t, and for any x,y € R we have
[fe(x) = fr(y)] < Lz —yl

Note a continuous and differentiable function is Lipschitz iff it has a bounded first derivative, |f, (¢, z)| < L
(trivial application of Mean Value Theorem).
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Definition 4.1.5: Growth condition

A function f(t,z) satisfies the growth condition w.r.t. z if there exists some constant G s.t. for any

t and for any z € R,

|[fe(2)] < G(L+ |z[)

Theorem 4.1.6: Uniqueness and existence of a solution to an SDE

If 1 and o satisfy both (1) Lipschitz and (2) growth conditions, then there exists a unique strong
solution, X, that solves the SDE with initial condition Xj.

In the above theorem:
e uniqueness means that two solution processes are indistinguishable.

e the stated conditions are sufficient for existence and uniqueness, they are not necessary

Remark.

A weaker condition under which uniqueness is obtained is when g is Lipschitz but o satisfies

lo(t,z) —o(t,y)| < h(|z —yl)

for all t and (z,y), where h is a strictly increasing function with h(0) = 0 that satisfies: for any £ > 0

In particular, h(u) = u® for a > 1/2 works - justifying the Cox-Ingersoll-Ross process for the short

rate.

4.1.3 Examples of linear SDEs
Definition 4.1.7: (1-d) Ornstein-Uhlenbeck SDE

Consider the linear SDE
dry = k(m —ry) dt + o dW;

where k,m,o > 0 are positive constants. The solution r; is said to follow an Ornstein-Uhlenbeck

process.

Note r is a mean-reverting process; when r deviates from m, the drift x(m — r) pulls it back to its

anchor level.

Lemma 4.1.8: Solution to the Ornstein-Uhlenbeck SDE

The solution to the Ornstein-Uhlenbeck SDE is

t
re = e "rg +m(l —e ") + 0/ 5=t QW
0

Proof for Lemma
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Let f(t) = e*t. Applying It product rule to r; f(t), we get

d(ref(t)) =redf + f(t)dre +0
= repe™ dt + e [k(m — ;) dt + o dW]
= ekmdt + e*to dW,

Thus
t ¢
rif(t) = rof(0) —|—/ e rkmds + J/ e dWj
0 0
and
(e"=1)
t ¢
re = e "trg 4+ e_“tm/ e rds —|—e_”ta/ e dWy
0 0

t
=e "'rg+m(l —e ") + O'/ e aw,
0

More generally for 0 < s < t, the solution is

t
P =e "9 4 m(1— e_"‘(t_s)) + 0/ e =t qw,

S

Because the integrand is deterministic, the Itd integral fg ek dW,, is normally distributed, so r; is a Gaussian

process.
Property 4.1.9: Properties of the Ornstein-Uhlenbeck process

The conditional mean and variance of r;, an Ornstein-Uhlenbeck process, are

E [r¢| Fs) = et 4 m(l — e*”(tfs))
2

t
— 52,72kt o _ g~ _ —2k(t—s)
var (r¢|Fs) = o“e” “"var (/S e qu) o (1 e )

Proof

4.1.4 Generalised Linear SDEs
Definition 4.1.10: Linear SDE
A (1-d) linear SDE is of the form
dX; = [a(t) X + b(t)] dt + [c(t) X + d(t)] dWr

where a(t),b(t), c(t), d(t) are known (bounded) deterministic functions. We call this a linear SDE as
the drift and diffusion functions are linear in X.

This class of SDEs is important as we can obtain explicit solutions. If

e ¢ = 0, the solution is a Gaussian process
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e b =d = 0, the solution is a stochastic exponential

Theorem 4.1.11: General solution to linear SDEs

Consider a generalised linear SDE. The solution is

X, =Y, Xo+Y, /t(b(s) _¢(s)d(s))Y ds + Vs /t d(s)Y." AW,
0 0

where

Y, = exp (/Ota(s) - 6(2)2 e - /Otc(s) dWS>

Proof. By Itd's lemma,

(YY) = (=alt) + ()Y, dt — e(t)Y; " dW,

Then, the integration by parts formula implies

d(Y; ' Xy) = VN dX + X d(Y, ) +d(Y; ) dX,
=Y, (a(t) X + b(t)) At + (c(t) X, + d(t)) AW]
+ X[(—a(t) + c(t)*)Y, dt — ()Y, dW]
— ()Y, He(t) X, + d(t)) dt
= (b(t) — e(t)d(t))Y, L dt + d(t)Y, "t AW,

In integral form, we have

Y, X, = ZoXo + /t(b(s) — ¢(s)d(s))Y,  ds + /t d(s)Y, L dW,
0 0

This implies that X; is given by

X =Y Xo+Y /Ot(b(s) —c(s)d(s))Y, P ds + Y, /Ot d(s)Y, L dw,
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4.2 From SDEs to PDEs

4.2.1 Feynman-Kac and the Black-Scholes PDE
Theorem 4.2.1: (Reverse) Feynman-Kac

For given functions p, g, i1, o, let
(t,0) =B e S r0 ) ()| 7
where X is the solution to the SDE with initial condition Xy =
dX, = p(u, Xy,) du + o(u, X,,) dW,,

(Reverse Feynman-Kac) If f is defined above in C*2 and (o(t, X;) fo(t, X;)) € H?, then it is the
solution to the following PDE:

fi(t, 2) + p(t, @) fat, @) + %0’2(2& ) fea(t, ) — p(t, @) f(t,2) = 0

and satisfies terminal condition f(T,z) = g(x).

Proof. Let X be the solution to the SDE starting at time 0. We have
F(t,X0) = B [e= I ot X0 g7 | 7|
Define Y; as the product of f and an exponential
Yi = e X dug(p x) = B [em I #0X0 09 () | 7|

Importantly, note that Y; is a martingale (by Law of Iterated Expectations) = drift =0
By the It6 product rule,

dY; = f(t, X,) d(e= Jo ple X duy o= [§p(w X du g ¢ (¢ X,) + 0
We have by Ité's lemma on f,
d(e= Jo X duy — i Xy Jo P X0) du gy
O'(t7Xt)2
df(t, Xe) = fe(t, X¢) dt + p(t, Xo) fo(t, X¢) At + o (t, Xo) fa (8, X¢) AWy + T‘fm(t’ Xi)dt

thus dY; becomes

AY; = —f(t, Xy) | p(t, Xp)e™ Jo Ple-Xw)duqpl o o= Jo plw- Xy dul r ¢ 3,y dt

O'(t, Xt)2

+M(t,Xt)fJ,(t,Xt) dt-l—U(t,Xt)fJ,(t,Xt) th-‘r 2

=f(t,X¢)dX,

f;cw(tv Xt) de

Collecting dt and dW; terms,

AY; = e~ Jo X dul _ ot X F(8 X)) + filt, Xo) + p(t, Xo) (8, Xo)

55
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t, X;)? ‘
TR p 30| a4 e X b 1 X (1, X)W,

The drift is zero, therefore we obtain the PDE in the theorem.
The terminal condition, f(T, X1) = Er [¢(X7)] = 9(X7T) O

In finance, risk-neutral valuation typically gives us expressions for security prices which look like function
f. Transforming the computation of an expectation into a Cauchy problem is useful when there is no tractable
direct way to compute the expectation. In principle, Monte-Carlo methods allow us to compute the expectation
for each (t,x) by simulation of the SDE. But solving numerically the Cauchy problem (e.g., by finite-difference

method) is often more efficient.

Corollary 4.2.2: Black-Scholes PDE

Consider an asset with payoff F/(St), from the previous chapter we have shown that by no-arbitrage,

we have
P, =E? [e7" F(S7)|F]

Then by the Feynman-Kac theorem, we have that the price, satisfies the Black-Scholes PDE

1
fe(t,s) +rsfs(t,s) + 50252f55(t, s)—rf(t,s)=0
with terminal condition f(T,Sr) = F(St) and
Pt = f(tv St)
Proof for Corollary.
Trivial application of Feynman-Kac under EMM.
4.2.2 Pricing Exotic Derivatives
Definition 4.2.3: Down-and-out Barrier Option
An option that yields a payoff
F(ST)l(s, >b)

at maturity time 7' > 0, where b < Sy is the knockout barrier and S := min,¢[g,4 S, is called a

down-and-out barrier option.

Definition 4.2.4: Down-and-in Barrier Option

An option that yields a payoff
F(57)1{s, <b}

at maturity time T' > 0, where b < Sy is the knockout barrier and S := min,¢[g, Sy is called a
down-and-in barrier option.
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Theorem 4.2.5: Pricing Barrier Options

Suppose the function (t,s) — v(t, s) is C*? and satisfies the Black-Scholes PDE
ve(t, 8) + rsvs(t, s) + %02821155(1?, s)—ru(t,s) =0

with terminal conditions

v(t,b) =0, fortel0,T]
v(T,s) = F(s), fors>b

Consider an option with payoff F(ST)1{§T>b}. The no-arbitrage price of the option is
Py =v(t,5)1(s,>b)
and the associated hedging process is given by
T = Sy dvs(t, St)1is, >
Proof. We start with:
Step 1. Consider the (F;)-stopping time 7 defined by
T:=1inf{t > 0:5; <b}
i.e. the shortest time that S; falls to or below b. Note that this means
{we: 8, >0} ={weQ:7(w) >t}
which implies
Lis, >0 = >y
Step 2. Consider the discounted value process

d(e " w(t, S¢)) = v(t,Sy)d(e” ") +e " dv(t,S;) +0
1
= —Teirtv(t, St) dt + eirt <Ut (t7 St) dt + Us (ta Sf) de + ivss (ta St) d<S>t>
= —re " (t,S;) dt + e " vy (t, Sp) dt

1
+v5(t, Sp) (rSedt + oSy dWY) + 502531153@, S) dt]

=0

1
= e |t 5) + Tvs(t 5) + 5075 s, 8) — oty 5) | dt

+ e "aSvs(t, St) dVVt"9

In integral form, the value process is

tAT
e "yt AT, Siar) = (0, So) + / e oSy, (u, S,) AW,
0

57
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Step 3. Recall the general discounted portfolio process:
d(e " Xy) = e "o dWY

In integral form, we have

tAT
e*T(MT)XMT =X +/ e .o def
0

More specifically, the wealth process, X* for a portfolio with initial wealth v(0,.Sy) and position 7} =
Sy (t, St)1{7—>t} is

tAT
BiT(tAT)X:(/\T = ’U(O, SO) + /0 €7TUS1LUS(U7 SU)1{7>U}Udm?

It holds for all t,7 that t A7 < 7, thus we can drop the indicator. By looking at their respective
processes, we have that

Xy =0t AT, Senr), VE€[0,T)
Step 4. Now we check boundary conditions; i.e. what happens at 7 and 77

X7 = XineLr<ny = (AT, Sinr)lir<iy
= 1)(7'7 S.,-)l{.,-gt}

U(T7 b)l{‘rgt}
0

Using this 7 boundary condition we have that for T'

X7 =X71rery + X7liromy
= XinYr<ry + X 11y
=0+ 0(T AT, Srar)Liro
= v(T, ST)1{7>T}
= F(S7)1{r>1y}

which matches the option payoff.

Definition 4.2.6: Asian Call Option

An asset that has payoff

1 [T i

with maturity 7" > 0, and strike K > 0 is called an Asian call option.

Remark.
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For notational ease, let us define

1 /1 [t
Y, == | = Ldu — K
t St <T/0 Sudu >

then the payoff of the Asian call option is

Sr(Yr)*t

Theorem 4.2.7: Pricing Asian Options

Suppose the function (t,y) — g(t,y) is a C1? solution to the PDE

1 1
a(ty) + 502y29yy(t, y) + (T - ry) gy(t,y) =0 (4.2.1)

with terminal conditions
g(T,y)=y", foryeR
Then the no-arbitrage price of the option is given by
P, = Sg(t,Y;), forte|0,T]
Proof. We start with:

Step 1. Some preliminaries;

o Let f(x) =1/z, then f' = —1/22, f” =2/23. By It&'s lemma,

aS7 = df(S)) = £/(S) S, + L (S als),

1 1
=~z (rSidt + a8, dwy) + ?ﬁsf dt
t t
0’2 —Tr g
= dt — —awy?
S, St
e Define Z; := 1 fot S, du — K, thus
dz, = lS dt
t — T t

and Y; = f(St)Zt

e By It6 product rule, the evolution of Y; is

dY; = f(S¢)dZ; + Z; df(S¢) +0

1 1 o —r o
= — . S dt+ 7 —— dt — — dW
S, poedtt t( S, S, t)

1
- <T + (0% - 7’)Yt> dt — oY; dW)
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e By Itd's lemma, the evolution of g(¢,Y;) is

1
dg(t,Y2) = gu(t, Vo) dt 4 g, (1, Y2) Y + 5 gy (£ Y2) AV )

1 1
=g:(t,Y3)dt + g, (¢, Y7) KT + (6% — r)Yt> dt — oY; thﬂ + 5gyy(t,Yt)an dt

1 1
— |:gt(t,Yt) +gy(t,Yy) (T + (0% — r)}g) + 5gyy(t, }/t)O-QY%Q] dt — gy (t,Y:)oYs thﬂ

=0

1 1 ,
= [gt + gy (T - rYt> + 29yy02y;2:| dt + g,0*Y; dt — g, oY, AW

= g,0%Y; dt — g,oY, AW,

Step 2. Recall the discounted stock price process is d(e™"*S;) = e~ "*0.S; dW}”, therefore the discounted price
process by Itd product rule is

d(e™""Sig(t, Y1) = e 7S, dg(t, Vi) + g(t, Vi) d(e7S,) — e gy (¢, Vi) oYy, dt
= e "S5 [gy0?Yedt — g0 Vi dWY'| + e "' go S AW — e g,0%Y, Sy dt
= ¢ "Sg,0Y; AW + e " go S, AW,
=e "8 (g — g,Yy) AW/

In integral form,
t
eTISig(t,Ye) = S09(0.Yo) + [ S (g g,¥) AW
0

Step 3. On the other hand, the discounted wealth process for 7} that starts with initial capital X, = Spg(0, Yo)
satisfies

t
e "Xy = Sog(O7Y0)/ e "rto dWY
0
t
= Sp9(0,Yp) Jr/ e "Su(g(u,Yy,) — Yugy(u, Yu>)O'dW;9
0
which corresponds to the discounted price process. Therefore
Xt = Stg(t, }/t) P-a.s.

Step 4. Check boundary condition, X is

XT = STg(T, YT)
= Sr(Yr)"

which matches the option payoff.
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4.3 Generalised Black-Scholes

Definition 4.3.1: Generalised Black-Scholes Market
Assume the price of the stock follows

dS;

? = /,L(t, St) dt + O'(t, St) th
t

and the money market follows
dBt = T(t, St)Bt dt

We assume:

e 4 and o are deterministic functions s.t. there is a unique strong solution to the stock price

process, and the solution is Markov.
e o is bounded away from zero
e 7 is integrable and is bounded from below

e the process L defined as

P (_ / (s, Su) = 7(u, S) th_% / (u(u,sw—r(u,su))?du)

o(u, Sy)

is well-defined and a martingale.

This model generalises the Black-Scholes framework. We call the deterministic function
(t,s) = olt,s)

local volatility. Why do we specify these assumptions?
e Pricing and hedging of contingent claims is basically the same as in Black-Scholes.

e Market is complete (all contingent claims can be replicated by trading in the underlying) and admits

no arbitrage.

As in the last chapter, we will prove the similar properties to the standard Black-Scholes market after a brief

discussion on local volatility.

4.3.1 Local volatility

Some specifications often used for local volatility, however note it remains to be checked that the L given is

a martingale.

Definition 4.3.2: Constant elasticity of variance (CEV) model

The constant elasticity of variance model specifies
o(t,s) = 6s°

for the local volatility function, where 6 > 0 and usually 8 <0
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Example.

We look at the various cases for 5.
e 3> 0 needs care...

e 3 = —% is also known as the Cox-Ingersoll-Ross (CIR) or square-root process, often used for

modelling the short rate

e (3 < 0 yields a leverage effect where spot volatility increases as asset price declines (phenomenon
observed in data)

In general the rule is that we need to be cautious about whether there is a positive probability that the
stock price hitting zero. In addition, processes are often chosen for tractability purposes.

The CEV model can be extended for stochastic d, called the SABR model (stochastic alpha, beta,
rho).

Definition 4.3.3: Quadratic normal volatility model
If we define risk-neutral stock price dynamics as

dSt = r(t,5;)S; + (aS? + bS; + ¢) AW
this implies the local volatility function is given by

U(t,s):aerbJrE
s

Quadratic normal volatility is often used to price FX options. Strict local martingality is again an issue,
but process is analytically tractable.

4.3.2 Self-financing portfolios

Consider a dynamic self-financing portfolio strategy where m; := N;S; denotes holdings (in money) of the
risky asset. Note 7 is adapted, that is the position at time ¢ can only depend on the information available at

time t.
Theorem 4.3.4: Self-financing portfolio SDE

The value of the self-financing portfolio follows an SDE

dXt = T(t, St)Xt dt + [/I,(t, St) — T’(t, St)]’/Tt de + O'(t, St)’/Tt th

Proof. Let (N° N) be units of risk-free and risky assets, respectively. The portfolio’s total value X; at time
tis

X; = NB; + NS,

and, since it is self-financing, X;_ = Xy;.

Investor rearranges the portfolio’s positions:

e at discrete times only, at no transaction costs
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e portfolio's positions change at times ¢ and ¢ + A but not at any intermediate time

Xita — Xy = NtO(Bt-s-A — Bt) — N¢(Stpa — St)

In continuous time we have

dX; = NY dB; + N, dS;
= [’I"(t, St)NtoBt + M(t, St)NtSt)] dt + O'(t, St)NtSt th
= ’I"(t, St)Xt dt + [/J(t, St) — T(ﬁ, St)} ¢ dt + 0'(71'7 St)ﬂ't th

In integral form, we have

t t t
X =Xo+ / r(u, Sy) X, du + / [e(u, Sy) — r(u, Sy)] 7 du + / o (u, Sy)my AW,
0 0 0

4.3.3 Girsanov revisited

Almost exactly as before in the standard Black-Scholes model.

Definition 4.3.5: Price of risk
We define

,LL(t7 St) — T(t, St)
O'(t, St)

19(157 St) —
as the price of risk.

Consider the exponential martingale L given by
st = —7.9(75, St)Lt th, LO =1

The solution is

1 t t
Li = exp <—2/ 192015—/ ﬁSdWS>
0 0

Definition 4.3.6: Equivalent Martingale Measure

The risk-neutral or equivalent martingale measure, Q1 on measurable space (2, Fr) is defined by

Q (A) =EF [LT]-{A}} , for Ae Fr

In this case, we take as given Girsanov's theorem (proof is even more involved). Note that we have an
integral in the definition of W.
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Theorem 4.3.7: Girsanov’'s Theorem

Under the measure Q, the process (Wtﬁ)te[O,T] given by

b
Wf:/ I(u, Sy) du + W,
0

is an (F;)-Brownian motion.

Corollary 4.3.8
For any Z € Fr and s < T we have

EP [Lr Z|F,]

EQ[Z]F)] = — 2

4.3.4 Admissibility and Arbitrage

Theorem 4.3.9: Local Martingale property
In the generalised Black-Scholes market,

1. the discounted stock price process,

(e* i T(u,Su)duSt)

te[0,T]
2. the discounted portfolio wealth process,

(67 jot r(u,Sy) duXt)
te[0,T)

are (F;)-local martingales under the measure Q.

Proof. We consider the general self-financing portfolio. Integrating by parts

d (6_ fot 'r(u,Su)duXt) - X, d(e—fot r(u,Su)du) +e fof r(u,Sy) du dX, +0

= —Xyr(t, St)(e*fot T(“’S“)d“) dt

+ e Jor(wS,)du [r(t, S¢) X dt + (u(t, S) — (¢, Sp)) me dt + o (t, S¢)me AWy]
= e~ Jor(wS)du 4 8)) — (8, 8,)) m dt + o (t, Sy)m AW]

,Lt(t7 St) — ’I’(t, St)

dt+d
(. 50) +di

= e_f()t T(u’Su)duo—(t7 St)ﬂ_t |:
Moreover, by Girsanov's Theorem,

d (6_ f(; 7-(u,Su)duXt) — e fof /,»(u,Su)duo_(t’ St)ﬂ-t thﬂ

64

Thus we have that (e’ Jo ”(“’S”)d“Xt) is an (F;)-local martingale under @ (necessary condition for I1to

integrability)

O
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Theorem 4.3.10: Admissible — no-arbitrage
In the generalised Black-Scholes market, there is no admissible self-financing portfolio offering arbi-

trage opportunities.

Proof. Assume d 7, i.e. an admissible portfolio process 7 with initial endowment Xy = 0, s.t. the associated
self-financing portfolio wealth X satisfying an arbitrage

e forsomeT >0, P(Xr>0)=1
e for some T >0, P(Xr >0) >0
As the risk-neutral measure Q is equivalent to P, thus
e forsomeT >0, Q(Xr >0)=1
e forsomeT >0, Q(Xr>0)>0
We proceed now with the contradiction:

Step 1. (Conditions imposed by admissibility) Since the portfolio strategy 7 is admissible, there exists a
constant K >0st. Xp > —K. Since 7 is bounded from below, there exists a constant R > 0 s.t.
r(t,s) > —R for all t,5 > 0, thus e~ Jor(wSu)du < oRt o

Combining these two, for all ¢ € [0,T] we have
X,e~ f(; r(u,Sy) du > _Ke— f(; r(u,Sy) du > —K@Rt = _K > —00

Thus Xye~ JorwsSwdu > _ g —s X, Jor(wSi)du 4 g > 0 s a positive (F;)-local martingale with
respect to the probability measure @, and is therefore a supermartingale, that is

B [xpem Jirtusd 4 g| 7)) < Xo+ K = K

In other words,
EQ {e‘ I T(mSu)duXT} — (E@ {e_ Sy r(wSu)dux K} _ K)
—EQ [EQ [e~ i rS0duyy + KR - K
<EY[Xo+K|-K
=0
Step 2. (Conditions imposed by arbitrage existence) As fOT |r(u, Sy)| du < oo, we have
X7 >0 < e Jo rwSduy, ¢
Since we assume an arbitrage exists under Q, we have
Q (e* Jo rs)duy, > 0) —1 and Q <e* Jo rs)duy, o) —1
which implies

B [ i reSduyy | > 0

Since admissibility and arbitrage independently produce contradicting results, the two cannot both be true.
O



CHAPTER 4. SDES, FEYNMAN-KAC AND GENERALISED BLACK-SCHOLES 66

4.3.5 Valuation

Theorem 4.3.11: Existence and pricing of European claims

Consider a European contingent claim with payoff Hr € L£'(, Fr,Q). There exists a portfolio s.t.
X7 = Hp. Moreover the time t value of such a portfolio is given by

By

Bt Lr B
Br

X, =EF
¢ [BT Ly

HT{]-}} =E® [ HT|]-}} , fortel0,T]

Motivation for Proof. The proof is essentially same as before. If we can find a replicating portfolio 7; s.t.
the associated wealth process

XT(X(), 71') = HT
then the value of the portfolio is the same as the asset H; at time ¢t < T, that is

Ao 1 _
B lXF = EEP [By' Ly Hr|F]

where B, := eJo "(w:Su)du_ Now consider the (F;,P)-martingale M defined by
M, = E* [By' Ly Hr | F]

s.t. Bt_lXt = %’ Then by the martingale representation theorem, there exists a K that is (F;)-adapted s.t.
forallt >0

M, =E" [By'LrHr| + /0 t K,dW, < dM, = K,dW, = K,(dW} — 6 dt)
Now recall that dL; = —0L; dW;, which by [t6's lemma implies
dL;' = 0’L;7 Y dt + 0L AW, = oLt awy
Integrating by parts, we have

M,
d (Lt> = M,dL; ' + Ly dM, + 0K, L dt
t
= MOL; AW + L7 K dWP — LYK, dt + 0K, L' dt
= (M6 + K,) Lyt awy?

and
M; M, MO+ K, 5
— == ———dW;
L ~ L +/0 L.
Proof. Consider the self-financing strategy m; with initial wealth

M,
Xo=DM,  (which is also just TO)
0

and process defined by

_p (MK,
= t O'(t,St)Lt
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Therefore using the portfolio evolution definition, the discounted wealth process can be written as

¢
B 'X, = Xo +/ B 'm0 (u, S,) dW?
0

M, MO+ K,
=— = aw,
LO +/0 Ls y

We showed above that the RHS can be expressed simply as M;/L; through repeated application of It&
calculus. Therefore at time T', we have that X1 by our definition of M, is

Mr
X7 =Br——
T TLT

B -

- Liﬂ«:@ [B;' Ly Hr|Fr)
T

= HT P-a.s.

Therefore since there exists a replicating portfolio, then the price at time ¢, H; must be equal to the wealth

process at time t, X;. O

Corollary 4.3.12: No-arbitrage price

Consider a European contingent claim with payoff Hp at maturity 7' > 0, and suppose there exists a

self-financing portfolio strategy m with initial value X s.t. the associated wealth process satisfies
XT = HT P-a.s.
Then the no-arbitrage price, P; of the claim is

P, =X, Vtel0,T]

On the other hand, we also have the PDE approach like before. We show that if a function f satisfies the
generalised BS PDE, then the price, P, = f(¢t,S}).

Theorem 4.3.13: Generalised Black-Scholes PDE

Consider an option with payoff F(S7). Suppose that the function (t,y) — f(t,y) is a C*? solution
to the PDE

fe(t,s) + %(72(16, 5)8% fos(t, 8) +1(t,8)sfs(t,s) —r(t,s)f(t,s) =0
with boundary condition
f(T,s)=F(s), foryeR
The no-arbitrage price of the option is
X! = f(t,S:), forte[0,T]
and the associated hedging portfolio process is given by

Tr;k = Stfs(t7 St)a fOf te [OvT]

Proof. Consider discounted price f(t,S5;)B; ! where B ' = ¢~ JorwSidu  As dB ' = —p(t, S,)B; " dt,
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integrating by parts yields
d(f(t,S)B; ') = f(t,S:)dB;  + By M df(t,S;) +0
= —r(t,S¢)f(t,S)B; At + By | fi(t,S;) At + f.(t, S;) dS; + %fss(t, Sy) d(S)t}
= —r(t,Sy) f(t,S;)B; * dt
+ B! [ft(t, Sy)dt + fo(t, Se)(r(t, S;)S, At 4+ o(t, S;) S, dW?) + %fss(t, Sy) d(S)t}

Rearrange to get

=0

d(f(ta St)Bf_l) = Bf_l |:ft(t7 St) + fs(ta St)r(tv St>St + %fss(ta St)g(tv Sf)ZStQ - T(t5 St)f(tv Sf)Bi‘_1:| dt
+ B folt, S)o(t, S0) S AW

On the other hand, we have shown that the discounted wealth has process below, and with the choice of 7,

we have
d(B;'X,) = B/ 'o(t, Sy)m AW
= By lo(t, Si) f(t, S)Sp AW/
With initial wealth f(0,Sp), this replicates the price process. Thus f(¢,S;) = X;, and in particular, X7 =
F(S7). O

The Black-Scholes no-arbitrage PDE, together with the terminal condition defines what we call a Cauchy
problem, whose solution gives the price of European contingent claims. Solving this Cauchy problem (which
we will do next using the Feynman-Kac theorem) yields the celebrated Black-Scholes formula.

4.4 From PDEs to SDEs

We have shown how to go backwards from an expectation to a PDE. In light of the previous theorem, we
show the required conditions to obtain a probabilistic representation of the solution to the Cauchy problem

(often referred to as the Feynman-Kac representation).
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Theorem 4.4.1: Feynman-Kac
Let X (x,t) be a solution to the following SDE
dX; = p(t, Xe) dt + o(t, Xt) AWy
with initial condition X; = z. If
e i, 0 are Lipschitz and satisfy the growth condition,

e 7 is bounded

e f satisfies polynomial growth condition and solves the PDE
1
Fo(5,2) + fa(s,@)u(s, 2) ds + 5 faa (s, 2)0(5,2)* = 75(s5,2) (5, 2) = 0
then

f(t’ Xt) — EQ |:e_ ftT T'(U,Xu)d’u,F(XT) ’]:ti|

Proof. Let f be the solution to the Cauchy problem, and X be the solution to dX, = p(u,X,)du +
o(t, X,) dW,, with initial condition X; = z. Given the process X,

o Let
RS:/ r(u, Xy) du
¢

and dR; = r(s, X;) ds.

o Let H, = e s be the negative exponential of the short rate, with

dH, = —e '« dR, = —re s ds
e By Ito's lemma,

1
dZs = |:fs +fiblu’+ 2fma:0'2:| dS‘FfﬂJ’dWS

o LetY, = H,f = e Je r(wXu)duy thyg

dY, = fdH, + Hydf + 0

1
= —rfe fleds + e B [fs + fepds + 2fmaﬂ ds + e foo dW,

1
= 67R5 |:_Tsf + fs + fl,uf ds + 2ngLO'2:| ds + eiRSfo de

=0

Since f satisfies the PDE, we have
dY, = e Bs foodW,

The polynomial growth condition on f and conditions on ¢ show that the RHS is a martingale (beyond).
Thus given Y also has zero drift, it is a martingale. Hence Y; = E [Y7|F;] (the t at the start).
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Note (i) Y; = Hyf (¢, Xt) =1 f(t,X¢), and (ii) Yr = HrF(Xr) using the PDE terminal conditions.
Combining (i) and (ii) we can rewrite Y; = E [Yp|F;] as

St X)) = E [em H X dup(xp) | 7|

which is the desired result.
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4.6 Solutions

Ex.1 (i) Under EMM, the portfolio process evolves under

dX; = r(t, S) X, dt + o(t, Sy)me AW,

Integrating by parts
d (67 I r(u,Su)duXt) - X, d(e*fot r(u,Su)du) fe Jorws)dugy 4o
= —X;r(t,Sy) (e* Jo (e Su) d“) dt
+eJorwSadufn S X, dt + o(t, Sp)m AW,
=e J TS dug (¢ S e, AW

Thus we have that (e~ /o T(“7S“)d“Xt) is an (F;)-local martingale under Q (necessary condition

for 1t6 integrability)

(i) A portfolio of m; = S; is equal (a.s.)

Ex.2 Assume 3 7, i.e. an admissible portfolio process 7« with initial endowment Xy = 0, s.t. the associated

self-financing portfolio wealth X satisfying an arbitrage

e forsomeT >0, P(Xp>0)=1
e forsome T >0, P(Xr >0)>0

As the risk-neutral measure Q is equivalent to P, thus

e forsomeT >0, Q(Xr >0)=1
o for some T >0, Q (X7 >0) >0

We proceed now with the contradiction:

Step 1. (Conditions imposed by admissibility) Since the portfolio strategy 7 is admissible, there exists
a constant K >0st. X > —K. Since r is bounded from below, there exists a constant R > 0
sit. r(t,s) > —Rforall t,s > 0, thus e~ Jo "(wSu) du < Rt o

Combining these two, for all ¢ € [0,7] we have
Xt67 fot r(u,Sy) du Z 7.[%67 [Ot r(u,Sy) du Z 7K€Rt — K> —00

Thus Xpe—JorwSdu > g — X,e=JorwS)du { > (s a positive (F;)-local martingale
with respect to the probability measure Q, and is therefore a supermartingale, that is

EQ [Xte* Jo S du y K|]-'o] <Xo+K=K
In other words,
EQ o Ja vl duyy | — (B [ i rlnSduyy 4 | - K)
=EQ [EQ [e~ iSO duyy 4 KR - K

<E°[Xo+ K] - K
=0
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Step 2. (Conditions imposed by arbitrage existence) As fOT |r(u, Sy)| du < oo, we have
Xy >0 < e Jo rwSdux, ¢
Since we assume an arbitrage exists under QQ, we have
Q (e* Jo rwSduy, > 0) —1 and Q (e*fo”(uﬁu)d"XT > 0) -1
which implies

B [~ i s duyy] > 0

Since admissibility and arbitrage independently produce contradicting results, the two cannot both be

true.

Ex.3 If we can find a replicating portfolio m; s.t. the associated wealth process
XT(Xo, 7T) = HT
then the value of the portfolio is the same as the asset H; at time t < T, that is

on 1 _
By'XT = EEP (B Ly Hr|F]

where B, := eJo "(:5w) du Now consider the (Ft,P)-martingale M defined by
M, = E* [B3' Ly Hy | F]

s.t. Bt_lXt = %ﬁ Then by the martingale representation theorem, there exists a K that is (F;)-adapted
s.t. forallt >0

M, =E" [B3'LrHr| + /0 t K, dW, < dM; = K;dW; = K;(dW,” — 0 dt)
Now recall that dL; = —6L; dW;, which by It6's lemma implies
dL;' = 0*L; dt + 0L, AW, = 0Lt AWy’
Integrating by parts, we have

M,

d <Lt> = M;dL;' + Ly dM, + 0K, L7t dt
t

= MOL; P AWY + L K dWP — L7 YOK, dt + 0K, Lt dt

= (M0 + K;) Lyt dw

and

M, M, /t MO+ K, "
— = [ AW
L, Ly 0 L,

Consider the self-financing strategy m; with initial wealth

M
Xo =M, (which is also just L—O)
0
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and process defined by

_ g (Mt K,
= P O'(t,St)Lt

Therefore using the portfolio evolution definition, the discounted wealth process can be written as

t
By 'X, = X, +/ B 'm0 (u, S,) dWY
0
M, MO+ K,
=20 T TS aw
Lo +/0 L. .

We showed above that the RHS can be expressed simply as M;/L; through repeated application of Itd
calculus. Therefore at time T', we have that X by our definition of M; is
My
Xp=Bpr——
T T Ir
=1

= Hr P-as.

E? [By' Ly Hr|Fr]

Therefore since there exists a replicating portfolio, then the price at time ¢, H; must be equal to the
wealth process at time ¢, X;.
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Volatility and Calibration

5.1 Historical Volatility

5.1.1 Spot volatility

In our generalised Black-Scholes model, the stock process under the risk-neutral measure is
dS, = r(t, S;)S; dt + o(t, S;)S; AW

As the risk-free rate can be read off the market, the only parameter we need to estimate is oy, the (spot)

volatility.
Definition 5.1.1: Spot volatility

Spot volatility, o can be defined as

d(log S)
t, )2 = —=—1t
o(t, ) dt
in models without jumps.
Proof. By Itd's lemma,
1 11
dlog Sy = — dS; — == d(S
0g ot S, tT 9 Stg ( >t

2
- (mt,st) SRAULY )dtw(t,st)dwﬁ

Quadratic variation is therefore

d(log S), = o7 dt

5.1.2 Constant parameter estimation

We discretise our model; denote counter i = 1,...,n and interval A s.t. nA = T. Define log-returns of an

Ty = IOg S
i—1

75

interval:
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Lemma 5.1.2: Return distribution

Log returns are distributed normally with

2
mNN((u—é) A,02A>

assuming (i, o are constant on the interval ¢ € [0, T

Proof for Lemma

We have

r; = log(S;) — log(S;-1)

Ai 5
:/ <<u—g>dt+adW§9)
A(i—1)

The result follows trivially from the properties of the It integral.

Theorem 5.1.3

The maximum likelihood estimator, 62 of o2 is
1 n
o L 2
0° = A i_zl(n T)
= . 1
where 7 := 137 7y
Proof. tbc. O

5.1.3 General parameter estimation

In general u, o are not constant. In this case we can use the fact quadratic variation is finite to estimate the
integral of variance over 0 to 7.

Theorem 5.1.4

We have

that is for X,, :=>_""  r?

i=1"4"

2
lim E

n—r oo

T
Xn—/ a(t,S)%dt| | =0
0

Proof. From the proof above, in integral form we have

T
/ o(t, ;) dt = (S),,
0

= nl;néoz [log(Sia) — log(S(i—l)A)]Q
i=1
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n
= lim E 2
n— oo
i=1
O

Convergence in £? implies convergence in probability, thus we can estimate foT o(t,S;)?dt consistently
by >°i , r? with a large number of observations on interval [0,7]. This estimator is better as it gives us
convergence a.s. in the limit.

Note however that our model of stock prices based on Brownian motion is not a good model of tick
level/super high-frequency data due to large jumps, i.e. fractals but also other issues such as noise,

autocorrelation, microstructure noise...

5.2 Implied volatility
Definition 5.2.1: Implied volatility surface
The implied volatility, ¥+(T, K) is the unique volatility that solves
CB5(22:¢, 5, T, K) = CI'(T, K)

We call the function X; the (implied) volatility surface.

Implied volatility is a measure of current/future volatility, and as such, it is forward looking; as opposed

to historical /realised volatility which measure known past realisations.

Remark.

Under the vanilla Black-Scholes assumptions, the implied volatility surface should be constant.

5.2.1 VIX

Figure 5.1: VIX (black) vs. historical (red)

According to the CBOE (Chicago Board Options Exchange):

“The VIX Index is a financial benchmark designed to be an up-to-the-minute market estimate of expected
volatility of the S&P 500 Index, and is calculated by using the midpoint of real-time S&P 500 Index
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(SPX) option bid/ask quotes. More specifically, the VIX Index is intended to provide an instantaneous
measure of how much the market thinks the S&P 500 Index will fluctuate in the 30 days from the time
of each tick of the VIX Index.”

Thus for a single stock, the VIX estimates

1
—EQ
AE

t+A
/ O'tz dt|]:t
t

where A corresponds to 30 days in a year, and Q is the implied martingale measure.

Practically, the VIX is a weighted average of the implied volatilities of a range of SPX liquidly traded
options (this is why it is sometimes referred to as 30 days implied volatility).

5.3 Evidence on Black-Scholes

5.3.1 Stylised facts

Some empirical observations on stock/option prices:

e Volatility clustering and persistence: small price moves follow small moves, large moves follow large
moves (high autocorrelation).

e Thick tails: distribution of asset returns have heavier tails than normal distribution (leptokurtic distri-
bution).

o Negative correlation between prices and volatility: when prices go down, volatility tends to rise (leverage
effect).

e Mean reversion: volatility tends to revert to some long-run level.

The Black-Scholes model obviously does not capture these stylized facts.

5.3.2 Volatility Smile/Smirk

Average profile of implied volatility surface

Implied volatility

Figure 5.2: Implied volatility surface of S&P500 options, as a function of K and T" in March 1999; (Cont and|
[da Fonseca [2002)
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The BS assumption of constant implied volatility clearly does not hold in markets where calls and puts are
liquidly traded (otherwise, implied volatilities cannot be observed). Figure shows that implied volatilities
today change as maturity and strike changes. Moreover, implied volatilities for fixed maturities and strikes

also change over time; that is, (7, K) as a function of t is not constant.

5.4 Local volatility calibration

We use a simplified version of the local volatility/generalised Black-Scholes model developed in Chapter 4.

Assume the price of the stock follows

dS;

? = ‘u(t, St) dt + O'(t, St) th
t

and the money market follows
dBt = T'Bt dt

In addition:

e ;i and o are deterministic functions s.t. there is a unique strong solution to the stock price process,
and the solution is Markov.

o is bounded away from zero

r is constant

the process L defined as

t t 2
wlu, Sy) —r 1 / wlu, Sy) —r
L = — _— —_ = _—
LT < /0 o sy W) Uotwsy )
is well-defined and a martingale.
5.4.1 Calibration

Definition 5.4.1: Calibration

Calibration is the process of finding a local volatility function, o(t, s) s.t. the model prices agree with

the observed market prices.
Suppose we have liquidly traded calls for all strikes and maturities, i.e. we have time ¢t market prices for
O™ (u, k)
for k € Ry and all uw € [t,T]. We want to find o : (s,2) = o(s,x) s.t.
CM ({0 (s, %)} seftu) w0, 400)» t Str u k) = C™ (¢, u, k)

forall k € Ry an all w € [t,T].
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Theorem 5.4.2: Dupire formula
The local volatility the matches the given market call price is

9,CM™ (u, k) 4+ rkdRC™ (u, k)

2 _
ot(u, k) =2 kzaka{"kt(u, 5

Proof. We break the proof down into steps:

Step 1. Note the stock evolution has a unique strong solution and S is Markov. Thus

Q(Su < ) =E? 15, <4} F]
=E? [1(s,<31S¢] (Markov)
= FQ(:L‘,u;y,t)

where F@(x, u;y,t) is the CDF of S; < x under measure Q if we started S at y at time t. The derivative
w.r.t. x gives us the PDF of S,, under Q; define this as f(z,u;y,t). Note

f(oau7y7t) :f(+007uyy7t) =0

that is probability the price at w is 0 or co is zero.

Using the formula for call prices

O, ) =
= e " OER[(S, — k)F|F]
_ e—r(u—t)EQ [(Su _ k‘)+|St]

= e_r(“_t)/ (x — k) f(u,z;t,S;) dx
k
Differentiate w.r.t. k to get
OO (u, k) = —efr(uft)/ flu,z;t,S;) de (5.4.1)
k
O C™ (u, k) = e "D fu, kst Sy) (5.4.2)

Therefore from observing call prices, we can deduce the distribution of S, given S;, and we can price

all European claims since we know the marginal distributions under the equivalent martingale measure.

Step 2. Next consider any bounded function h and
v(u, Su) = B [A(S7)|Su] = E® [h(S7)|F.]
By the Feynman-Kac theorem (note no discount):
Uy (u, ) + ravg (u, x) + %oz(u, )22 0p (u,2) = 0
The expectation is also zero,

/ {fuu(u, x) + ravg(u, x) + %oz(u, )2 Vge (u, ) | f(u, 25t Sy) do =0
0

Term by term, we integrate by parts;
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e For the first term, note
olt, S,) = E2 [E2 [h(S7)|S4] S,] = /0 " ) it S)) do
therefore the derivative w.r.t. to u is
0= /OOO Ouv(u, ) f (u, z; t, Sy) do + /OOC v(u, )0y f (u, z;t,S;) do

= / Ouv(u, ) f(u, z;t,5;) dae = 7/ v(u, )0y f (u, z;t,S¢) do
0 0
e For the second term,

/ rxvz(u,x)f(u,x;t,St)dx:/ raf(u,z;t,St) dv(u, )
0 0

= [v(u, x)rzf(u,z;t, St)]e° — /000 rOz{zf(u,z;t,S) }v(u, z) de

=0

=— /00 rOy{xf(u, z;t, S¢) v(u, ) de
0

(assuming we can pass the derivative inside).

e For the second derivative term, we integrate twice

/ %JQ(U, 1) 2% 000 (u, ) f (u, 5L, St) da
0

o0

- {102(%@9;2%(%95) f(u,x;t,St)}

5 —/Oo vz(u,x)az{%JQ(u,x)x2f(u,x;t,St)}dx
0

0

The first term on the RHS is zero, integrating the second term by parts again,

= — [v(u,x)@x{;(ﬂ(u,z)xzf(u,x;t, St)}}0 +/OOO v(u,x)am{%(ﬂ(u,x)zzf(u,x;t,st)}dx

Assuming again the first term converges to zero, we are left the integral.

Combining the three parts back, we have
e 1
/ v(u, ) [—8uf(u,x; t,S:) — On f(u,x;t, St) + 539”{02(@&, x)z? f(u,z;t,8:)} | dz =0
0
As h was arbitrary, we obtain the backward Kolmogorov equation for transition probability

Ouf(u,x;t,St) + ro{af(u,z;t,S)} — %am{02(u, x)2? f(u, z;t,S¢)} =0 (5.4.3)

Step 3. On the other hand, differentiate C/"<*(u, k) w.r.t. u and substitute (5.4.3)) above into the second integral
to get

oo

D, Cm (u, k) = —r e T(u=t) / (x — k) f(u,z;¢t,S¢) dz e r(u=t) / (x — k)Ou f (u, x;t, Sy) doe
k k

CP* (u,k)

= —rC™ (u, k) + e "D /

(x — k) {—az{xf(u, x;t, S} + %@EI{JQ(U, o)z’ f(u, x;t,S;)} | do
k
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(@)

= —rC™ ¢ (u, k) — e "D / (x — k)rog{zf(u,z;t,S;)} de
k,

+ e =t / (x — k)%am{og(u, y;)fo(u7 x;t,Sy)}da
k

(i)

(i) can be written as
/ (z — k)rog{af(u,2;t,8)} do = [(z — k)z f (u, z; t, St)]go — / xf(u, z;t,S¢) de
Jk 0

(i) can be written as

/l (x — k)%a,;m{UQ(u, I)sz(u, x;t,Sy)}dx
k

= [(a: — K 0ulo? () (a3, s»] T / T L 0u{0% () (w1, 5,)) d
0

=0

1
= 50—2(u,1<;)k;2f(u, k;t,S)
Therefore we have

o 1
0, CM (u, k) = —rCF (u, k) + e (=t / raf(u,x;t,Sy) de + e (U=t 502 (u, k)E> f(u, k; t, Sp)
0

Substitute definitions (5.4.1)) and ([5.4.2)) for market call derivatives
1
— 0, C™ (u, k) = —rC™ (u, k) + e "D { O (u, k) } + ef’“(“ft)icTQ(u, E)k2 0 { O (u, k) }

Rearrange to obtain Dupire's formula

0 C (u, k) + rkOL,CM< (u, k)
k20 CP (u, k)

Ut(u7 k)z =2

O

Takeaways: (1) Observing call prices provides restrictions on stock price evolution under the risk-neutral
measure; (2) the transition density function follows a Kolmogorov PDE, i.e. call prices give us information
about the future distribution of prices.

5.4.2 Problems with local volatility

Local volatility models can perfectly fit marginals (European-style path-independent options), but the calibra-
tion is very unstable. It has significant problems with pricing path-dependent options, and since dynamics of
local volatilities are not realistic and they tend to change drastically with re-calibrations.
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5.5 Exercises
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5.6 Solutions
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Chapter 6

Appendix

Lemma 6.0.1: Supremum over real interval equal to rational interval

Let f: R — R be a right-continuous function. Then

sup f(s)= sup f(s)

s€la,b] s€[a,b]NQ

Proof for Lemma
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